Comment.Math.Univ.Carolin. 40,1 (1999)7–12 7

Equations with discontinuous nonlinear semimonotone operators

Nguyen Buong

Abstract. The aim of this paper is to present an existence theorem for the operator equation of Hammerstein type x + KF (x) = 0 with the discontinuous semimonotone operator F . Then the result is used to prove the existence of solution of the equations of Urysohn type. Some examples in the theory of nonlinear equations in L_p(Ω) are given for illustration.

Keywords: semimonotone operators, uniformly convex Banach spaces

Classification: 47H15, 45G10, 45N05

1. Introduction

Let X be a real Banach space and X^∗ be its dual which are uniformly convex. For the sake of simplicity, the norms of X and X^∗ will be denoted by one symbol ‖ · ‖. We write ⟨x^∗, x⟩ instead of x^∗(x) for x ∈ X^∗ and x ∈ X. Let F : X → X^∗ be a bounded, discontinuous and semimonotone operator and K : X^∗ → X a bounded (i.e. image of any bounded subset is bounded), linear and nonnegative operator.

Consider the nonlinear operator equation of Hammerstein type

(1.1) x + KF (x) = 0.

Integral equations of Hammerstein type with a nonlinear smooth operator F are studied in [1]–[3], [6], [17]. When F is discontinuous, they are investigated in [5], [7], [15], [16] by introducing a new concept of solution. But, throughout this paper, the word ‘solution’ is meant in the classical sense. We shall prove an existence theorem for solution for discontinuous F . Using this result, we get a new result regarding the solvability of a class of nonlinear equations of Urysohn type

(1.2) x + m� j=1 K_jF_j (x) = 0,

where each K_j and F_j has the properties as K and F , respectively. Then, these theoretical results are applied to study the nonlinear integral equations in the spaces of type L_p(Ω). It should be mentioned that quasilinear elliptic equations with nonlinear discontinuous part are usually used to describe the state of the systems with variable structure (see [10]). These equations are studied recently (see [12]–[14]) and can be transformed to equations of Hammerstein type (see [12]).

Below, the symbols → and ⇀ denote convergence in norm and weak convergence, respectively. 2. Main result Definition 1 (see [13]). A point x ∈ X is called a point of h-continuity of the operator G : X → X^∗ if ∀ l ∈ X lim_{t→0+}⟨G(x + tl), l⟩ = ⟨G(x), l⟩.

A point x ∈ X is called a point of discontinuity if x does not satisfy the condition in Definition 1.

Definition 2. A point of discontinuity x of G is called regular if ∃ l ∈ X : lim_{t→0+}⟨G(x + tl), l⟩ < 0.

Theorem 2.1. Assume that all the above conditions hold, all the points of discontinuity of F are regular and that there exists a positive constant r such that ⟨F (x), x⟩ > 0 if ‖x‖ > r.

Then equation (1.1) has a solution x.

Proof: As in [6], consider the regularized equation (2.1) x + B_nF (x) = 0, B_n = B + α_nV, where V is the standard dual mapping of X^∗, i.e. V : X^∗ → X, ⟨V (x^∗), x^∗⟩ = ‖V (x^∗)‖ ‖x^∗‖ = ‖x^∗‖^2, ∀ x^∗ ∈ X^∗, and α_n is a sequence of positive real numbers such that α_n → 0 as n → +∞. Then R(B_n) = X, B^{−1}_n (0) = 0, B^{−1}_n is an one-to-one mapping and B^{−1}_n is continuous (see [4]). Therefore, all the points of discontinuity of F are points of discontinuity of ~B_n + F and, conversely, all points of discontinuity of ~B_n + F are points of discontinuity of F , where ~B_n(x) = −B^{−1}_n (−x). Obviously, we can rewrite equation (2.1) in the form

(2.2) ~B_n(x) + F (x) = 0.

By virtue of [17], equation (2.2) has a unique solution, henceforth denoted by x_n. Moreover, ‖x_n‖ ≤ r, ∀ n. As F is bounded, the sequence {F (x_n)} is bounded, too. Without loss of generality, assume that x_n ⇀ x_0 and F (x_n) ⇀ y^∗_0.

From (2.1) it follows that (2.3) x_0 + By^∗_0 = 0.

Now, we have to prove that y^∗_0 = F (x_0). Since F is semimonotone, we have F = T + C, with a monotone operator T and a compact operator C. Therefore, ⟨F (x) − C(x) − (F (x_n) − C(x_n)), x − x_n⟩ > 0, ∀ x ∈ X.

Hence,

⟨F (x) − C(x), x − x_n⟩ − ⟨F (x_n) − C(x_n), x⟩ ≥ ⟨F (x_n), BF (x_n)⟩ − ⟨C(x_n), x_n⟩ + α_n⟨F (x_n), V F (x_n)⟩.

By passing n → +∞ in the last equality, because of lim inf n→∞ ⟨F (x_n), BF (x_n)⟩ ≥ ⟨y^∗_0, By^∗_0⟩, lim n→+∞

α_n⟨F (x_n), V F (x_n)⟩ = 0, lim n→+∞

⟨C(x_n), x_n⟩ = ⟨C(x_0), x_0⟩, and (2.3) we obtain

⟨F (x) − C(x), x − x_0⟩ − ⟨y^∗_0 − C(x_0), x⟩ ≥ ⟨y^∗_0 , By^∗_0⟩ − ⟨C(x_0), x_0⟩. Thus, (2.4) ⟨T (x) − (y^∗_0 − C(x_0)), x − x_0⟩ ≥ 0. Replacing x by x_0 + tl for any l ∈ X and t > 0 in (2.4) we see that ⟨F (x_0 + tl) − (y^∗_0 + C(x_0)), l⟩ ≥ 0, ∀ l ∈ X.

Hence, x_0 is a point of h-continuity of T . Consequently, from (2.4) and Minty’s lemma (see [17]) T (x_0) = y^∗_0 − C(x_0), i.e. y^∗_0 = F (x_0). □ Now, consider equation (2.1). Let the following conditions hold:

• K_j : X^∗ → X are linear and bounded operators satisfying the condition:

�_m

j=1⟨K_jx^∗_j , x^∗⟩ ≥ 0, x^∗ =

�_m i=1 x^∗_i , x^∗_i ∈ X^∗, • F_j : X → X^∗ are bounded, discontinuous and semimonotone, and • ⟨F_j (x), x⟩ ≥ a_j‖x‖^2 − b_j‖x‖ − c_j, a_j , b_j, c_j > 0 (see [8]).

Operator equation (1.2) is investigated in [8]–[9], [11] with some smoothness property of F_j . Here, applying Theorem 2.1, we can prove the following result.

Theorem 2.2. Under the above conditions on K_j and F_j , equation (1.2) has a solution in X.

Proof: Denote Z = X × · · · × X (m times). For z = (x_1, . . . , x_m) ∈ Z, let

‖z‖ =

�^m� j=1 ‖x_j ‖^2

�_{1/2} .

Then, Z is uniformly convex Banach space with respect to this norm with dual Z^∗ = X^∗ × · · · × X^∗. (x_1, . . . , x_m) means the column vector (x_1, . . . , x_m)^T . Let K : Z^∗ → Z and F : Z → Z^∗ be defined as follows

(2.5) K = � � � � K_1 K_2 . . . K_m K_1 K_2 . . . K_m . . . . .. . . . K_1 K_2 . . . K_m

� � � � , F = � � � � F_1 0 . . . 0 0 F_2 . . . 0 . . . . .. . . . 0 0 . . . F_m

� � � � .

Consider the Hammerstein equation

(2.6) z + KF (z) = 0, z ∈ Z

with K and F from (2.5). It is easy to see that K is a linear, bounded and nonnegative operator on Z^∗ and F is a semicontinuous operator on Z. Moreover,

⟨F (z), z⟩ = m� j=1 ⟨F_j (x_j )⟩ ≥ m� j=1 � a_j‖x_j‖^2 − b_j‖x_j‖ − c_j �

≥ a‖z‖^2 − b‖z‖ − c,

where a = min a_j, b = √ m max b_j and c = max c_j. Therefore, there exists a positive constant R such that ⟨F (z), z⟩ > 0, if ‖z‖ > R. By virtue of Theorem 2.1, equation (2.6) has a solution z_∗ = (x_{1∗}, . . . , x_{m∗}). Consequently, equation (1.2) has a solution x = x_{1∗} (= x_{2∗} = · · · = x_{m∗}). □

3. Application

a. Consider the nonlinear integral equation of second kind

(3.1) x(s) + � Ω k(s, t)F (x(t)) dt = 0,

where the kernel function k(s, t) is such that the operator K defined by

(Kx)(s) = � Ω k(s, t)x(t) dt is bounded, nonnegative and K acts from L_q(Ω) into L_p(Ω) with Ω ⊂ R^n measurable and p^{−1} + q^{−1} = 1. The nonlinear function f(t) satisfies the following conditions:

(a) f(t)t ≥ a_0|t|^p + b_0|t|^γ + c_0, a_0 > 0, b_0 < 0, c_0 < 0, γ < p (see [14]), (b) f(t) is nondecreasing, rightcontinuous and at any point of discontinuity t_0 f(t_0 − 0) < 0, f(t_0) < 0, (c) |F (t)| ≤ a_1 + b_1|t|^{p−1}, ∀ t ∈ R^1, a_1 + b_1 > 0, a_1 ≥ 0, b_1 ≥ 0. By virtue of (c) we can define the operator F : X = L_p(Ω) → X^∗ = L_q(Ω) as

F (x)(t) = F (x(t)), ∀ x(t) ∈ L_p(Ω).

Then equation (3.1) can be rewritten in the form (1.1), where the defined operator F possesses all the properties from Section 1. Indeed, condition (a) guarantees the existence of r in Theorem 2.1, the monotone property and the regularity of all points of discontinuity of F follows from (b) (see [13]) and the remaining properties are verified on the base of (c). Therefore, equation (3.1) has a solution, and this solution is unique if one of the operators K, F is strictly monotone.

b. Consider the nonlinear integral equation

(3.3) x(t) + m� j=1 � Ω k_j (t, s)f_j (x(s)) ds = 0.

If the operators K_j and F_j defined by

(K_jx)(t) = � Ω k_j (t, s)x(s) ds,

(F_j x)(t) = f_j (x(t)),

have the same properties as K and F in a., where only instead of the nonnegetiveness of K we assume that m� i=1 � Ω x_i(t) � Ω m� j=1 k_j (t, s)x_j (s) ds dt ≥ 0,

then (3.3) can be rewritten in the form (1.2). Therefore, equation (3.3) is solvable by Theorem 2.2.

References

[1] Amann H., Ein Existenz und Eindeutigkeitssatz fur die Hammersteinshe Gleichung in Banachraumen, Math. Z. 111 (1969), 175–190.

[2] Amann H., Uber die naherungsweise Losung nichlinearer Integralgleichungen, Numer.

Math. 19 (1972), 29–45.

12 N. Buong

[3] Brezis H., Browder F., Nonlinear integral equations and systems of Hammerstein’s type, Adv. Math. 10 (1975), 115–144.

[4] Brezis H., Sibony M., Méthod d’approximation et d’itération pour les opérateurs monotones, Arch. Rat. Mech. Anal. 28 (1968), no. 1, 59–82.

[5] Buong N., On solution of the operator equation of Hammerstein type with semimonotone and discontinuous nonlinearity (in Vietnamese), J. Math. 12 (1984), 25–28.

[6] Buong N., On approximate solutions of Hammerstein equation in Banach spaces (in Russian), Ukrainian Math. J. 8 (1985), 1256–1260.

[7] Gaidarov D.P., Raguimkhanov P.K., On integral inclusion of Hammerstein (in Russian), Sibirian Math. J. 21 (1980), no. 2, 19–24.

[8] Ganesh M., Joshi M., Numerical solvability of Hammerstein equations of mixed type, IMA J. Numer. Anal. 11 (1991), 21–31.

[9] Gupta C.P., Nonlinear equations of Urysohn’s type in a Banach space, Comment. Math.

Univ. Carolinae 16 (1975), 377–386.

[10] Emellianov C.V., Systems of Automatic Control with Variable Structure (in Russian), Moscow, Nauka, 1967.

[11] Joshi M., Existence theorem for a generalized Hammerstein type equation, Comment. Math.

Univ. Carolinae 15 (1974), 283–291.

[12] Krasnoselskii A.M., On elliptic equations with discontinuous nonlinearities (in Russian), Dokl. AN RSPP 342 (1995), no. 6, 731–734.

[13] Pavlenko V.N., Nonlinear equations with discontinuous operators in Banach space (in Russian), Ukrainian Math. J. 31 (1979), no. 5, 569–572.

[14] Pavlenko V.N., Existence of solution for nonlinear equations involving discontinuous semimonotone operators (in Russian), Ukrainian Math. J. 33 (1981), no. 4, 547–551.

[15] Raguimkhanov, Concerning an existence problem for solution of Hammerstein equation with discontinuous mappings (in Russian), Izvestia Vukov, Math. (1975), no. 10, 62–70.

[16] Vaclav D., Monotone Operators and Applications in Control and Network Theory, Elsevier, Amsterdam-Oxford-New York, 1979.

[17] Vainberg M.M., Variational Method and Method of Monotone Operators (in Russian), Moscow, Nauka, 1972.

National Centre for Natural Sciences and Technology of Vietnam, Institute of Information Technology, Nghia do, Tu liem, Ha noi, Vietnam 10000

(Received April 4, 1997)