Comment.Math.Univ.Carolin. 40,1 (1999)107–119 107

Rectangular modulus, Birkhoff orthogonality and characterizations of inner product spaces

Ioan Şerb

Abstract. Some characterizations of inner product spaces in terms of Birkhoff orthogonality are given. In this connection we define the rectangular modulus μ_X of the normed space X. The values of the rectangular modulus at some noteworthy points are wellknown constants of X. Characterizations (involving μ_X ) of inner product spaces of dimension ≥ 2, respectively ≥ 3, are given and the behaviour of μ_X is studied.

Keywords: characterizations of inner product spaces, orthogonality, moduli of Banach spaces Classification: 46C15, 46B20

1. Introduction

In the present paper we shall give, at the beginning, natural generalizations of some known characterizations of inner product spaces (i.p.s. for short). By introducing a parameter λ > 0 we obtain, in the particular case λ = 1, the known results collected in D. Amir’s book [3, p. 79]. The characterizations are expressed in terms of Birkhoff orthogonality and the new conditions will be given in an “anti-symmetric” manner with respect to λ. In this direction one obtains a more general form (depending on λ) of M. Baronti’s Lemma 1 in [4] and a generalization of M. del Rio and C. Benitez’s Lemma 3 in [15].

These generalizations (especially Lemma 1 in the sequel) suggest to introduce a function μ_X : (0, ∞) → R, with the property that μ_X (1) is the well-known rectangular constant of the normed space X. We call this function the rectangular modulus of X. The rectangular modulus is an increasing convex function and Lipschitz continuous of best Lipschitz constant 2. Moreover, μ_X (0+) is another well-known constant of the normed space X.

For any fixed λ > 0 a characterization of i.p.s. in terms of the rectangular modulus is also given. In the limit case when λ ↘ 0, the analogous characterization of i.p.s. is valid only for normed spaces of dimension ≥ 3.

2. Preliminary results and notation

We denote by (X, ‖ · ‖) a real normed space of dimension ≥ 2. For x ∈ X and r > 0 let S_X (x, r) = {y ∈ X : ‖x−y‖ = r} and B_X (x, r) = {y ∈ X : ‖x−y‖ ≤ r}, be the sphere respectively closed ball with center x and radius r. The unit sphere

S_X (0, 1) and the closed unit ball B_X (0, 1) of the space X will be denoted by S_X and B_X respectively. The symbol ⊥ is used for Birkhoff orthogonality in X; namely x ⊥ y if ‖x‖ ≤ ‖x + t y‖, for all t ∈ R. Geometrically, this means that the line through x in the y−direction supports the ball B_X (0, ‖x‖) at x. For x, y ∈ X, x ≠ y, the closed line segment with vertices x and y is denoted by [x; y]. Any two-dimensional subspace of X will be identified with R^2 equipped with an appropriate norm and an orientation ω. The orientation ω of the ordered pair (x, y) of vectors (with x + y ≠ 0 and ‖x‖ = ‖y‖) is recorded by x ≺ y ≺ −x. Denote by ⊥^A the area orthogonality ([1], [3, p. 65]) defined for (R^2, ‖ · ‖) by x ⊥^A y if the radius vectors ±x, ±y divide the unit ball of R^2 into four parts of equal area. The following known lemmas will be used in Section 3.

Lemma A ([2]). Let S_R2 be the unit sphere of (R^2, ‖ · ‖) and s(α) be the point of S_R2 which is to a given point s(0) at an angle 0 ≤ α < 2π, measured with a given orientation of the plane. Then for every λ > 0 the real continuous functions α ∈ [0, π) → ‖s(0) + λs(α)‖, and α ∈ [0, π) → ‖s(0) − λs(α)‖, are decreasing and increasing respectively.

If (R^2, ‖ · ‖) is strictly convex then the aforementioned functions are strictly monotonic.

In the two-dimensional normed space X let u^∗, v^∗ ∈ S_X be such that u^∗ ⊥ v^∗ and let us consider the corresponding (u^∗, v^∗)-coordinate system in which u^∗, v^∗ are versors. For u, v ∈ X let A_{u,v} be the area of the parallelogram {αu + βv : α, β ∈ [0, 1]} in the (u^∗, v^∗)-coordinate system. It is clear that if r, s > 0 then A_{ru,sv} = rsA_{u,v}.

Lemma B ([3, p. 78]). Let X be a two-dimensional normed space in which orthogonality is symmetric. Then A_{u,v} = A_u∗_{,v}∗ = 1, ∀ u, v ∈ S_X , u ⊥ v.

3. Characterizations of inner product spaces and Birkhoff orthogonality

For u, v ∈ S_X , u ≠ ±v and λ > 0 we define the function φ_{λ,u,v} : (0, ∞) → (0, ∞) by

φ_{λ,u,v}(t) = λ^2 + t ‖λu + tv‖

, ∀ t > 0.

With the above notation we have the following generalization of Lemma 1 in [4].

Lemma 1. Let u, v ∈ S_X , u ≠ ±v and λ, t_0 > 0 be fixed. The following are equivalent:

(a) (λu + t_0v) ⊥ (u − λv). (b) φ_{λ,u,v}(t_0) ≥ φ_{λ,u,v}(t), ∀ t > 0.

Proof: If we suppose that (a) holds then we have ( u − t_0 λ^2 + t_0

(u − λv) ) ⊥ (u − λv),

which implies (1) ‖ ‖ ‖ ‖u − t_0 λ^2 + t_0

(u − λv) ‖ ‖ ‖ ‖ ≤ ‖ ‖ ‖ ‖u − t λ^2 + t

(u − λv) ‖ ‖ ‖ ‖ , ∀ t > 0.

and hence λ^2 + t_0 ‖λu + t_0v‖ ≥ λ^2 + t ‖λu + tv‖

, ∀ t > 0.

Now, if (b) is satisfied then (1) holds and this shows that in the two-dimensional space X_2 generated by u and v the straight line containing the open line segment l = { u − t λ^2 + t

(u − λv) : t > 0 }

supports the ball B_X (0, ‖w_0‖) at w_0, where w_0 = u − t_0(u − λv)/(λ^2 + t_0). Then w_0 ⊥ (u − λv) or equivalently (λu + t_0v) ⊥ (u − λv). □ Remark. If we consider the function ψ_{λ,u,v} : (0, ∞) → (0, ∞) defined by

ψ_{λ,u,v}(t^′) = λφ_{1/λ,u,v} ( 1 t^′ ) = λ^2 + t^′ ‖t^′u + λv‖ , then we easily deduce:

Lemma 1^′. With the previous notation, let t^′_0 > 0 be fixed. The following are equivalent:

(a^′) (t^′_0u + λv) ⊥ (λu − v). (b^′) ψ_{λ,u,v}(t^′_0) ≥ ψ_{λ,u,v}(t^′), ∀ t^′ > 0.

The next theorem is known for λ = 1, see Propositions 10.1–10.3, 10.3^′ and 10.4 in [3] (see also [4] and [15]).

Theorem 2. Let λ > 0 be fixed. The following are equivalent:

1) ∀ u, v ∈ S_X , u ⊥ v ⇒ (λu + v) ⊥ (u − λv); 2) ∀ u, v ∈ S_X , u ⊥ v ⇒ ‖λu + v‖ = ‖u − λv‖; 3) ∀ u, v ∈ S_X , u ⊥ v ⇒ ‖λu + v‖ ≤ √ 1 + λ^2;

4) ∀ u, v ∈ S_X , u ⊥ v ⇒ ‖λu + v‖ ≥ √ 1 + λ^2;

5) ∀ u, v ∈ S_X , u ⊥ v ⇒ ‖λu + v‖ = √ 1 + λ^2;

6) the normed space X is an i.p.s.

Remarks. As we can see a little later the equivalences 3) ⇔ 4) ⇔ 5) are simple consequences of a result in [12]. The implication 5) ⇒ 6) is a strong result recently obtained (among other results) by C. Benitez, K. Przeslawski and D. Yost in [6]. We note that the weaker result 5^′) ⇒ 6) was also proved and used in [18, pp. 388– 389], where 5^′) is given by

∀ u, v ∈ S_X , u ⊥ v ⇒ ‖λu + v‖ = √ 1 + λ^2, ‖u + λv‖ = √ 1 + λ^2,

λ > 0 being fixed.

Proof of Theorem 2: We show that 1) ⇒ 2). Suppose that 1) is verified and let u, v ∈ S_X , u ⊥ v, and λ > 0 be fixed. It follows that ( λ λu + v ‖λu + v‖ + u − λv ‖u − λv‖ ) ⊥ ( λu + v ‖λu + v‖ − λ u − λv ‖u − λv‖ ) . If we put t = ‖u − λv‖/‖λu + v‖ then, by Lemma 1, we have:

λ^2 + 1 ‖ λ(λu + v)/‖λu + v‖ + (u − λv)/‖u − λv‖ ‖ ≥ λ^2 + t ‖ λ(λu + v)/‖λu + v‖ + t(u − λv)/‖u − λv‖ ‖ , and consequently

λ^2 + 1 ‖λ^2u + λv + (1/t)(u − λv)‖ ≥ λ^2 + t ‖λ^2u + λv + u − λv‖ . From u ⊥ v one obtains

(λ^2 + 1)^2 ≥ (λ^2 + t) · ‖ ‖ ‖(λ^2 + 1 t )u + λ(1 − 1 t )v ‖ ‖ ‖ ≥ (λ^2 + t) ( λ^2 + 1 t ) , yielding ( √ t − 1 √ t )_2

≤ 0 ⇔ t = 1.

This implies that ‖λu + v‖ = ‖u − λv‖.

Now we show that 2) implies the strict convexity of X. Suppose that 2) is satisfied and, on the contrary, there exists a support line l of S_X such that l∩S_X = [u_1, u_2], u_1 ≠ u_2. Then any u ∈ [u_1, u_2] can be written as u = u_t = u_1 +t(u_2 −u_1), t ∈ [0, 1] and ‖u_t‖ = 1. The function t → ‖u_1 + t(u_2 − u_1)‖, t ∈ R is 1 on [0, 1], strictly increasing for t > 1 and strictly decreasing for t < 0. Denoting by v = (u_2 − u_1)/‖u_2 − u_1‖ we have that u_t ⊥ v, ∀ t ∈ [0, 1], and the application

t → ‖λu_t + v‖ = λ ‖ ‖ ‖u^1 + t(u^2 − u^1) + u_2 − u_1 λ‖u_2 − u_1‖ ‖ ‖ ‖ , t ∈ (1 − ε^1, 1] with sufficiently small ε_1 > 0 is strictly increasing. On the other hand, the application

t → ‖u_t − λv‖ = ‖ ‖ ‖ ‖u^1 + t(u^2 − u^1) − λ u_2 − u_1 ‖u_2 − u_1‖ ‖ ‖ ‖ ‖ , ∀ t ∈ (1 − ε^2, 1],

with small enough ε_2 > 0 is constant or strictly decreasing. But from 2) we have that ‖λu_t + v‖ = ‖u_t − λv‖, ∀ t ∈ (1 − min{ε_1, ε_2}, 1], a contradiction.

We prove that if 2) is satisfied then

(2) u, v ∈ S_X and ‖λu + v‖ = ‖u − λv‖ ⇒ u ⊥ v.

Suppose that 2) holds and, on the contrary, there exist u, v^′ ∈ S_X such that ‖λu+v^′‖ = ‖u−λv^′‖ and u is not orthogonal to v^′. In the space X^′_2 generated by u and v^′ (understood as (R^2, ‖·‖)) we choose the orientation such that u ≺ v^′ ≺ −u, (v^′ ≠ ±u). Let v ∈ S_X′_2 be such that u ⊥ v and u ≺ v ≺ −u. Then v ≠ v^′. Supposing that u ≺ v^′ ≺ v ≺ −u, by Lemma A and the strict convexity of X we have ‖u − λv^′‖ < ‖u − λv‖

respectively

‖λu + v^′‖ = λ‖u + 1 λ v^′‖ > λ‖u + 1 λ v‖ = ‖λu + v‖,

implying ‖λu + v‖ < ‖u − λv‖, a contradiction. The case u ≺ v ≺ v^′ ≺ −u can be treated in a similar way.

Suppose now that 2) holds. Then 1) holds as well. Indeed, if u, v ∈ S_X , u ⊥ v and λ > 0 is fixed then ‖ ‖ ‖λ λu + v ‖λu + v‖ + u − λv ‖u − λv‖ ‖ ‖ ‖ = λ^2 + 1 ‖λu + v‖ = ‖ ‖ ‖ λu + v ‖λu + v‖ − λ u − λv ‖u − λv‖ ‖ ‖ ‖ . From (2) we have λu + v ‖λu + v‖ ⊥ u − λv ‖u − λv‖ , which yields (λu + v) ⊥ (u − λv).

Observe now that 2) implies the symmetry of orthogonality. Indeed, if u, v ∈ S_X and λ > 0 then from 2) and (2) one obtains:

u ⊥ v ⇔ u ⊥ −v ⇔ ‖λu − v‖ = ‖u + λv‖ ⇔

⇔ ‖λv + u‖ = ‖v − λu‖ ⇔ v ⊥ u.

Moreover, since X is strictly convex, it follows that X is also smooth (see [3, p. 78]).

In order to prove 3) ⇒ 4), it is sufficient to consider the case of two-dimensional spaces, i.e. X may be considered R^2 with the norm ‖ · ‖. It follows that S_X is a rectifiable simple closed Jordan curve. Denoting

S_λ = {λu + v : u, v ∈ S_X , u ⊥ v},

it follows that S_λ is also a closed rectifiable Jordan curve. A parametrization of S_λ may be given as in J. Joly [12, p. 304]. More precisely, let u = u(θ) = (u_1(θ), u_2(θ)), θ ∈ [0, 2π) be the parametrization of S_X in a rectangular system of axes with u(0) ≺ u(θ) ≺ −u(0), for all θ ∈ [0, π). Now, consider the vectors u, v ∈ S_X , u ⊥ v such that u ≺ v ≺ −u. We have

u = u(θ(σ)) = (u_1(θ(σ)), u_2(θ(σ))), v = v(ν(σ)) = (v_1(ν(σ)), v_2(ν(σ))),

where θ, ν : [0, 4π) → [0, 2π), are continuous increasing and surjective functions and u_1, u_2, v_1, v_2 are continuous functions with bounded variation. Moreover, σ = θ(σ) + ν(σ) and the decomposition is unique. Then S_λ can be rewritten

S_λ = {λu(θ(σ)) + v(ν(σ)) : σ ∈ [0, 4π)}.

Let A be the area of the unit ball of X and let A_λ be the area enclosed by S_λ. Then with a similar computation as in [12], we have:

(3) A_λ = λ^2 ∫ S_X

u_1 du_2 + ∫ S_X

v_1 dv_2 = (λ^2 + 1)A.

Now, from 3) and the continuity of the functions u_1, u_2, v_1, v_2, θ and ν we have:

‖λu + v‖ ≥ √ 1 + λ^2,

for all u, v ∈ S_X , u ⊥ v proving that 3) ⇒ 4). Analogously 4) ⇒ 3) and finally we have 3) ⇔ 4) ⇔ 5).

We shall show that 2) ⇒ 5). Since the Birkhoff orthogonality in X is symmetric, as it is well known, dim (X) ≥ 3 implies that X is an i.p.s. ([11], [3, p. 143]), and in this case the result follows. Suppose X is two-dimensional and for fixed u^∗, v^∗ ∈ S_X , u^∗ ⊥ v^∗, consider the (u^∗, v^∗)-coordinate system of X. Let u, v ∈ S_X , u ⊥ v be given. Then the area A_{λu+v,u−λv} can be computed by A_{λu+v,u−λv} = |Δ|·A_{u,v}, where Δ = | | | | | λ 1 1 1 −λ 1 0 0 1

| | | | | = −λ^2 − 1.

Now, from Lemma B, A_{λu+v,u−λv} = λ^2 + 1 in the (u^∗, v^∗)-coordinate system. Since by 2) ⇔ 1), λu + v ⊥ u − λv, we have

A_{(λu+v)/‖λu+v‖, (u−λv)/‖u−λv‖} = 1 = A_{λu+v,u−λv} ‖λu + v‖ · ‖u − λv‖ = λ^2 + 1 ‖λu + v‖ · ‖u − λv‖ , and again by 2) ‖λu + v‖ = ‖u − λv‖ = √ λ^2 + 1, ∀ u, v ∈ S_X , u ⊥ v. From u ⊥ v ⇔ u ⊥ −v we obtain the desired result.

Now, by the quoted result in [6], we have 5) ⇒ 6). In fact in [6] it was proved that 5) implies the symmetry of Birkhoff orthogonality and that the Birkhoff orthogonality ⊥ implies the area orthogonality ⊥^A. By [15] it follows that X is an i.p.s. Since the implications 6) ⇒ 5) and 5) ⇒ 2) are trivial the theorem is completely proved. □

4. The rectangular modulus of a normed space

For the normed space X the rectangular constant μ(X) was defined in [12] by

μ(X) = sup{μ[x, y] : x, y ∈ X \ {0}, x ⊥ y},

where μ[x, y] = sup_{s∈R}

‖x‖ + ‖sy‖ ‖x + sy‖

, ∀ x, y ∈ X \ {0}, x ⊥ y.

Since x ⊥ y ⇔ x ⊥ −y we easily deduce that

μ(X) = sup

1 + |s| ‖y‖/‖x‖ ‖ ‖^x_{‖x‖} ± |s| ‖y‖/‖x‖ ·^y_{‖y‖} ‖ ‖ : s ≠ 0, x, y ∈ X \ {0}, x ⊥ y

= sup { 1 + t ‖u + tv‖

: t > 0, u, v ∈ S_X , u ⊥ v } . We define the rectangular modulus of X as the function μ_X : (0, ∞) → R

μ_X (λ) = sup{max{φ_{λ,u,v}(t), λφ_{1/λ,u,v} (t)} : t > 0, u, v ∈ S_X , u ⊥ v}

= sup { max { λ^2 + t ‖λu + tv‖ , 1 + λ^2t ‖u + λtv‖ } : t > 0, u, v ∈ S_X , u ⊥ v } , for all λ > 0. From the definition it is clear that μ_X (1) = μ(X). As it is well known the modulus of convexity of X ([7]), denoted by δ_X and the modulus of smoothness of X ([13]), denoted by ρ_X satisfy Nordlander’s type inequalities, i.e.

δ_X (ε) ≤ δ_H (ε) = 1 − √ 1 − ε^2/4, ∀ ε ∈ [0, 2] and ρ_X (τ) ≥ ρ_H (τ) = √ τ^2 + 1 − 1, ∀ τ ≥ 0,

where H is an i.p.s.

G. Nordlander [14] has conjectured that if δ_X (ε) = 1 − √ 1 − ε^2/4 for a fixed ε ∈ (0, 2) then X is an i.p.s. J. Alonso and C. Benitez [2] proved that this assertion is true exactly for ε ∈ (0, 2) \ D where D = {2 cos(kπ/(2n)) : k = 1, . . . , n − 1; n = 2, 3, . . . }. Analogous results were obtained for the modulus of smoothness and for other known moduli. Generally, if γ_X denotes such a modulus and t is fixed then from γ_X (t) = γ_H (t) it follows that X is an i.p.s. except for a countable set of points t in the domain of γ_X ([21]).

The modulus of squareness ξ_X studied in [6], [16], [17], [18] satisfies also the inequality ξ_X (β) ≥ ξ_H (β) = 1/ √ 1 − β^2, ∀ β ∈ [0, 1).

Moreover, if ξ_X (β) = 1/ √ 1 − β^2, for a fixed β ∈ (0, 1) then X is an i.p.s.

For the rectangular modulus we have:

Theorem 3. (a) If H is an i.p.s. then μ_H (λ) = √ 1 + λ^2, ∀ λ > 0.

(b) If X is a normed space and H is an i.p.s. then

μ_X (λ) ≥ μ_H (λ), ∀ λ > 0.

(c) If μ_X (λ) = √ 1 + λ^2 for a fixed λ > 0 then X is an i.p.s.

Proof: (a) μ_H (λ) =

= sup { max { λ^2 + t ‖λu + tv‖ , 1 + λ^2t ‖u + λtv‖ } : t > 0, u, v ∈ S_H , u ⊥ v }

= sup { max { λ^2 + t √ λ^2 + t^2 , 1 + λ^2t √ 1 + λ^2t^2 } : t > 0 } . It is easily seen that the function f_λ : (0, ∞) → R

f_λ(t) = λ^2 + t √ λ^2 + t^2 − 1 + λ^2t √ 1 + λ^2t^2

, t > 0

satisfies the condition signf^′_λ(t) = sign(1 − λ) and from f_λ(1) = 0, ∀ λ > 0 we deduce that μ_H (λ) = √ 1 + λ^2, ∀ λ > 0.

(b) Let λ ∈ (0, ∞) be a fixed number. We can suppose that X is a twodimensional normed space. By using formula (3) we conclude that

inf {‖λu + v‖ : u, v ∈ S_X , u ⊥ v} ≤ √ λ^2 + 1 and this implies

μ_X (λ) ≥ sup { λ^2 + t ‖λu + tv‖

: t > 0, u, v ∈ S_X , u ⊥ v }

≥ sup { λ^2 + 1 ‖λu + v‖

: u, v ∈ S_X , u ⊥ v }

= λ^2 + 1 inf{‖λu + v‖ : u, v ∈ S_X , u ⊥ v} ≥ λ^2 + 1 √ λ^2 + 1 = √ λ^2 + 1.

In particular μ(X) = μ_X (1) ≥ √ 2, as in [12].

μ_X (λ) = √ 1 + λ^2 (c) ≥ sup { max { λ^2 + 1 ‖λu + v‖ , 1 + λ^2 ‖u + λv‖ } : u, v ∈ S_X , u ⊥ v }

≥ λ^2 + 1 ‖λu + v‖

, ∀ u, v ∈ S_X , u ⊥ v,

λ > 0 being fixed. Hence ‖λu + v‖ ≥ √ λ^2 + 1, ∀ u, v ∈ S_X , u ⊥ v. By Theorem 2, 4) ⇔ 6), we have that X is an i.p.s. □ Remark. Let us define the *-rectangular modulus by the simpler formula

μ^∗_X (λ) = sup{φ_{λ,u,v}(t) : t > 0, u, v ∈ S_X , u ⊥ v}

= sup { λ^2 + t ‖λu + tv‖

: t > 0, u, v ∈ S_X , u ⊥ v } , ∀ λ > 0.

It is clear (with similar proofs) that:

(a^′) μ^∗_H (λ) = √ λ^2 + 1, ∀ λ > 0, H being an i.p.s.;

(b^′) for each normed space X, μ^∗_X (λ) ≥ μ^∗_H (λ) = √ λ^2 + 1, ∀ λ > 0;

(c^′) if μ^∗_X (λ) = √ 1 + λ^2, for a fixed λ > 0 then X is an i.p.s.

Some properties of the rectangular modulus are collected in Theorem 4. (a) For each λ > 0

μ_X (λ) = max{μ^∗_X (λ), λμ^∗_X (1/λ)} and μ_X (λ) = λμ_X (1/λ).

(b) The rectangular modulus (*-rectangular modulus) is an increasing and convex function on (0, ∞).

(c) We have

(4) μ_X (λ) ≤ max{λ + 2, 1 + 2λ}, ∀ λ > 0.

Proof: (a) The first part of (a) easily follows from the definitions of μ_X and μ^∗_X . The second part of (a) follows from the first part.

(b) The modulus μ^∗_X can be rewritten as

μ^∗_X (λ) = sup { λ + t/λ ‖u + (t/λ)v‖

: t > 0, u, v ∈ S_X , u ⊥ v }

= sup { λ + t^′ ‖u + t^′v‖

: t^′ > 0, u, v ∈ S_X , u ⊥ v } , λ > 0.

Consequently, μ^∗_X and, by analogy, μ_X are increasing and convex functions as suprema of families of increasing and convex functions of variable λ.

(c) For t ≤ 2, by u ⊥ v we have:

λ + t ‖u + tv‖ ≤ λ + 2 ‖u‖ = λ + 2, ∀ λ > 0.

For t > 2, by the triangle inequality one obtains

λ + t ‖u + tv‖ ≤ λ + t t − 1

< λ + 2, ∀ λ > 0.

It follows that μ^∗_X (λ) ≤ λ + 2, ∀ λ > 0,

λμ^∗_X (1/λ) ≤ λ(1/λ + 2) = 1 + 2λ, ∀ λ > 0, and μ_X (λ) ≤ max{λ + 2, 1 + 2λ}.

In particular, the rectangular constant μ(X) satisfies the inequality: μ(X) = μ_X (1) ≤ 3 ([12]). □ Remark. The inequality (4) is sharp. Indeed, let X be the two-dimensional l^1-space and let u_1 = (1, 0) and v_1 = (−1/2, 1/2) be in S_X . We have

‖u_1 + tv_1‖ = |1 − t 2 | + | t 2 | ≥ 1 = ‖u_1‖, ∀ t ∈ R,

implying u_1 ⊥ v_1. It follows that

μ^∗_X (λ) = sup { λ + t ‖u + tv‖

: t > 0, u, v ∈ S_X , u ⊥ v }

≥ λ + 2 ‖u_1 + 2v_1‖ = λ + 2 |1 − 1| + 1

= λ + 2, ∀ λ > 0.

Then μ^∗_X (λ) = λ + 2, ∀ λ > 0, and consequently μ_X (λ) = max{λ + 2, 1 + 2λ}, ∀ λ > 0.

Now, by Theorem 4 (b), (c) and Theorem 3 (b) it follows that there exists μ_X (0+) := lim_{λ↘0} μ_X (λ) ∈ [1, 2].

The extension (by continuity) of μ_X in origin (denoted by μ_X ) remains an increasing and convex function on [0, ∞). The function λ → μ_X (λ) − μ_X (0+), ∀ λ ≥ 0 is convex, zero in origin and, consequently, the function λ → μ_X (λ) − μ_X (0+) λ , λ > 0, is increasing on (0, ∞).

By Theorem 4. (b), μ_X is locally Lipschitz on (0, ∞). Moreover it is Lipschitz continuous as it will be shown by the following theorem: Theorem 5. The rectangular modulus verifies the inequality μ_X (λ_2) − μ_X (λ_1) ≤ μ_X (0+)(λ_2 − λ_1) ≤ 2(λ_2 − λ_1), for all λ_1, λ_2 > 0, λ_1 ≤ λ_2, and the absolute constant 2 is the best possible. Proof: We have μ_X (λ) − μ_X (0+) = λμ_X ( 1 λ ) − μ_X (0+) = μ_X (1/λ) − μ_X (0+) 1/λ + μ_X (0+)(λ − 1), and μ_X (λ_2) − μ_X (λ_1) = μ_X (λ_2) − μ_X (0+) − (μ_X (λ_1) − μ_X (0+)) = μ_X (1/λ_2) − μ_X (0+) 1/λ_2 − μ_X (1/λ_1) − μ_X (0+) 1/λ_1

+ μ_X (0+)(λ_2 − λ_1) ≤ μ_X (0+)(λ_2 − λ_1) ≤ 2(λ_2 − λ_1).

The constant 2 is attained for instance when X is the two-dimensional l^1-space. □ In the following, we are interested to know the properties of the constant μ_X (0+) ∈ [1, 2]. At the beginning let us recall some notions:

The radial projection constant ([20]) of the space X is the best Lipschitz constant k(X) for the radial projection r : X → B_X defined by

r(x) = { x, for ‖x‖ ≤ 1 x/‖x‖, for ‖x‖ > 1.

One of the representations of k(X) is given in [4, p. 1075] by:

k(X) = sup { 1 ‖tu + v‖

: t ∈ R, v ∈ S_X , u ⊥ v } . The radial projection constant is equal to other four constants of X, denoted by MP B(X), MP B^′(X), MP B(X), β(X) respectively. For more information on this subject see [4], [5] and [8]–[10].

Recall that by Theorem 3, for a fixed λ > 0 and for a normed space X, with dim (X) ≥ 2 we have

μ_X (λ) = √ 1 + λ^2 ⇔ X is an i.p.s.

In the limit case when λ ↘ 0 we are interested to see the relevance of the equality μ_X (0+) = 1 to the geometry of X. Theorem 6. (a) For any normed space X we have: μ_X (0+) = k(X).

(b) The equality μ_X (0+) = 1 is equivalent to the symmetry of Birkhoff orthogonality.

Proof: (a) A continuity argument and the equivalence x ⊥ y ⇔ −x ⊥ y show that

μ^∗_X (0+) = sup { t ‖u + tv‖

: t > 0, u, v ∈ S_X , u ⊥ v }

= sup { 1 ‖t^′u + v‖

: t^′ ∈ R, v ∈ S_X , u ⊥ v } = k(X).

But from λμ^∗_X (1/λ) ≤ 1 + 2λ, ∀ λ > 0 it follows that:

μ^∗_X (0+) ≤ μ_X (0+) = max { μ^∗_X (0+), lim_{λ↘0} λμ^∗_X (1/λ) }

≤ max{μ^∗_X (0+), 1} = μ^∗_X (0+) = k(X).

(b) The equality μ_X (0+) = 1 is equivalent to BMP (X) = 1, which in its turn is equivalent to the symmetry of Birkhoff orthogonality ([19]). □ Remarks. If dim (X) ≥ 3 then μ_X (0+) = 1 implies that X is an i.p.s. On the other hand, by a result of M.A. Smith [19], 1 ≤ MP B(X) < 2, ⇔ X is uniformly non-square. It follows that X is uniformly non-square ⇔ 1 ≤ μ_X (0+) < 2, and we expect that the rectangular modulus characterizes new geometric properties of X. Such geometric considerations will be given elsewhere. Acknowledgments. The author thanks very much the referee for his/her bibliographical comments and for his/her valuable suggestions concerning the continuation of this work.

References

[1] Alonso J., Ortogonalidad en espacios normados, Ph.D. Thesis, Universidad de Extremadura, 1984.

[2] Alonso J., Benitez C., Some characteristic and non-characteristic properties of inner product spaces, J. Approx. Theory 55 (1988), 318–325.

[3] Amir D., Characterizations of Inner Product Spaces, Birkhauser Verlag, Basel-Boston- Stuttgart, 1986.

[4] Baronti M., Su alcune parametri degli spazi normati, Boll. Un. Mat. Ital. 5(18)-B (1981), 1065–1085.

[5] Baronti M., Papini L., Projections, skewness and related constants in real normed spaces, Math. Pannon. 3 (1992), 31–47.

[6] Benitez C., Przeslawski K., Yost D., A universal modulus for normed spaces, Studia Math.

127 (1998), no. 1, 21–46.

[7] Day M.M., Uniform convexity in factor and conjugate spaces Ann. of Math. (2) 45 (1944), 375–385.

[8] Desbiens J., Constante rectangle et bias d’un espace de Banach, Bull. Austral. Math. Soc.

42 (1990), 465–482.

[9] Desbiens J., Sur les constantes de Thele et de Schäffer, Ann. Sci. Math. Québec 16 (2) (1992), 129–141.

[10] Franchetti C., On the radial projection in Banach spaces, in Approximation Theory III (ed. by E.W. Cheney), pp. 425–428, Academic Press, New York, 1980.

[11] James R.C., Orthogonality and linear functionals in normed linear spaces, Trans. Amer.

Math. Soc. 61 (1947), 265–292.

[12] Joly J.L., Caracterizations d’espaces hilbertiens au moyen de la constante rectangle, J.

Approx. Theory 2 (1969), 301–311.

[13] Lindenstrauss J., On the modulus of smoothness and divergent series in Banach spaces, Michigan Math. J. 10 (1963), 241–252.

[14] Nordlander G., The modulus of convexity in normed linear spaces, Ark. Mat. 4 (1960), 15–17.

[15] del Rio M., Benitez C., The rectangular constant for two-dimensional spaces, J. Approx.

Theory 19 (1977), 15–21.

[16] Şerb I., On the behaviour of the tangential modulus of a Banach space I, Revue d’Analyse Numérique et de Théorie de l’Approximation 24 (1995), 241–248.

[17] Şerb I., On the behaviour of the tangential modulus of a Banach space II, Mathematica (Cluj) 38(61) (1996), 199–207.

[18] Şerb I., A Day-Nordlander theorem for the tangential modulus of a normed space, J. Math.

Anal. Appl. 209 (1997), 381–391.

[19] Smith M.A., On the norms of metric projections, J. Approx. Theory 31 (1981), 224–229. [20] Thele R.L., Some results on the radial projection in Banach spaces, Proc. Amer. Math.

Soc. 42 (1974), no. 2, 483–486.

[21] Ullán de Celis A., Modulos de convexidad y lisura en espacios normados, Ph.D. Thesis, Universidad de Extremadura, 1991.

Babeş-Bolyai University, Faculty of Mathematics, 3400 Cluj-Napoca, Romania E-mail: ivserb@math.ubbcluj.ro

(Received August 11, 1997, revised June 8, 1998)