Comment.Math.Univ.Carolin. 40,4 (1999)635–650 635

Hopf algebra structure Hσ−R with two sided invertible 2-cocycle

Wang Shuanhong, Wang Dingguo

Abstract. In this paper, we study the H^{σ−R} type Hopf algebras and present its braided and quasitriangular Hopf algebra structure. This generalizes well-known results on H^σ and H^R type Hopf algebras. Finally, the classification of H^{σ−R} type Hopf algebras is given.

Keywords: Hopf algebra, 2-cocycle, braided Hopf algebra

Classification: 16W30

The cocycle deformation H^σ of a bialgebra H was introduced and the Hopf algebra structure and the braided bialgebra structure of H^σ were given by Doi [1]. Doi and Takeuchi [2] showed that the Drinfeld double D(H) for a finite-dimen-sional Hopf algebra H is a cocycle deformation of (H^∗)^{cop} ⊗ H. This suggests that cocycle deformations will play an important role in quantum group theory. The bialgebra H^σ has the same underlying coalgebra H, so that they have the same corepresentation theory. In fact, these are well known classes of 2-cocycles which appear as the duals of the Reshetikhin-type twists H^R ([8]) which originate from particular solutions of the QYBE. The Reshetikhin-type twist H^R also plays an important role in quantum group theory. The bialgebra H^R has the same underlying algebra H, so that they have the same representation theory. In this paper we consider the mixed type twist H^{σ−R} and give Hopf algebra structure of H^{σ−R}, and its braided and quasitriangular Hopf algebra structure are also established. This generalizes well-known results on H^σ type Hopf algebras and H^R type Hopf algebras. Finally, the classification of H^{σ−R} type Hopf algebras is given.

Throughout this paper, we refer to [3] and [5] for full details on Hopf algebras, and in particular we use the sigma notation: Δ(h) = ∑ h_1 ⊗ h_2.

Let H be a σ−Hopf algebra, that is, there is a bilinear map σ : H × H −→ k such that for all x, y, z ∈ H we have (1) ∑ σ(x_1, y_1)σ(x_2y_2, z) = ∑ σ(y_1, z_1)σ(x, y_2z_2),

∗ Research of both authors is partially supported by NSF of China. The second author was also supported by YSF of Shandong Province and Qufu Normal University.

(2) σ(x, 1) = σ(1, x) = ε(x)1.

If σ is invertible, its inverse is denoted by σ^{−1} : H × H −→ k, then by [1, Theorem 1.6(a)], we have that for all x, y, z ∈ H (3) ∑ σ^{−1}(x_1y_1, z)σ^{−1}(x_2, y_2) = ∑ σ^{−1}(x, y_1z_1)σ^{−1}(y_2, z_2),

(4) σ^{−1}(x, 1) = σ^{−1}(1, x) = ε(x)1.

By [1, Theorem 1.6(b)], H has a new algebra structure:

(A) h ⊙ l = ∑ σ(h_1, l_1)h_2l_2σ^{−1}(h_3, l_3) for all h, l ∈ H

and (H, ⊙, Δ_H ) is a Hopf algebra.

Dually, let H be a R−Hopf algebra, that is, there is an element R = ∑ R^{(1)} ⊗ R^{(2)} ∈ H ⊗ H which satisfies the following conditions (r = R):

(1^′) ∑ R^{(1)}r^{(1)}_1 ⊗ R^{(2)}r^{(1)}_2 ⊗ r^{(2)} = ∑ r^{(1)} ⊗ R^{(1)}r^{(2)}_1 ⊗ R^{(2)}r^{(2)}_2,

(2^′) ∑ ε(R^{(1)})R^{(2)} = ∑ R^{(1)}ε(R^{(2)}) = 1.

If R is invertible with inverse U = ∑ U^{(1)} ⊗ U^{(2)} ∈ H ⊗ H, we have by [8]: U = u

(3^′) ∑ U^{(1)} ⊗ U^{(2)}_1u^{(1)} ⊗ U^{(2)}_2u^{(2)} = ∑ U^{(1)}_1u^{(1)} ⊗ U^{(1)}_2u^{(2)} ⊗ U^{(2)},

(4^′) ∑ ε(U^{(1)})U^{(2)} = ∑ U^{(1)}ε(U^{(2)}) = 1.

By [3], H has a new comultiplication:

(B)^∼Δ(h) = ∑ R^{(1)}h_1U^{(1)} ⊗ R^{(2)}h_2U^{(2)} for all h ∈ H

and (H, m_H ,^∼Δ) is a Hopf algebra.

Remark. Condition (1^′) was first obtained by setting C = k in the crossed coproduct C×_σ H (see [7]), then we found that condition (1^′) is dual to condition (1).

1. Hopf algebra structure of type H^{σ−R}

In this section, we assume that H is σ−Hopf and R−Hopf algebra. When σ

and R are compatible, we prove that (H, ⊙,^∼Δ) is a Hopf algebra, and denote it by H^{σ−R}. In the following we always assume that σ has convolution inverse and R has inverse U = ∑ U^{(1)} ⊗ U^{(2)} ∈ H ⊗ H.

Definition 1.1. Let H be a σ−Hopf and R−Hopf algebra. H will be called a σ − R compatible Hopf algebra, if σ and R satisfy the following conditions:

R =^∼R = r =^∼r , h, l ∈ H (i) ∑ σ(R^{(1)}hr^{(1)},^∼R^{(1)}l^∼r^{(1)})R^{(2)} ⊗ r^{(2)} ⊗^∼R^{(2)} ⊗^∼r^{(2)} = σ(h, l)(1 ⊗ 1 ⊗ 1 ⊗ 1);

(ii) ∑ σ(R^{(2)}hr^{(2)},^∼R^{(2)}l^∼r^{(2)})R^{(1)} ⊗ r^{(1)} ⊗^∼R^{(1)} ⊗^∼r^{(1)} = σ(h, l)(1 ⊗ 1 ⊗ 1 ⊗ 1);

(iii) ∑ σ(h, R^{(1)}_2)R^{(1)}_1 ⊗ R^{(2)} = ∑ σ(R^{(1)}_2, h)R^{(1)}_1 ⊗ R^{(2)} = ∑ (R^{(1)} ⊗

R^{(2)})ε(h);

(iv) ∑ σ^{−1}(R^{(1)}h, r^{(1)}l)R^{(2)} ⊗ r^{(2)} = ∑ σ^{−1}(R^{(2)}h, r^{(2)}l)R^{(1)} ⊗ r^{(1)} = ∑ σ(h, l)(1 ⊗ 1).

Now we give some properties of σ − R compatible Hopf algebras:

Proposition 1.2. Let H be an σ − R compatible Hopf algebra, then (a) ∑ R^{(1)} ⊗ R^{(1)}_1σ(R^{(2)}_2, h) = ∑ R^{(1)} ⊗ R^{(2)}_1σ(h, R^{(2)}_2) = ∑ (R^{(1)} ⊗

R^{(2)})ε(h); (b) ∑ σ(R^{(1)}_1, l)R^{(1)}_2⊗R^{(2)} = ∑ σ(l, R^{(1)}_1)R^{(1)}_2⊗R^{(2)} = ∑ (R^{(1)}⊗R^{(2)})ε(l); (c) ∑ σ(h, R^{(2)}_1)R^{(2)}_2 ⊗ R^{(1)} = ∑ σ(R^{(2)}_1, h)R^{(2)}_2 ⊗ R^{(1)} = ∑ (R^{(2)} ⊗

R^{(1)})ε(h); (d) ∑ σ(U^{(1)}hu^{(1)},^∼U^{(1)}l^∼u^{(1)})U^{(2)} ⊗ u^{(2)} ⊗^∼U^{(2)} ⊗^∼u^{(2)} = σ(h, l)(1 ⊗ 1 ⊗ 1 ⊗ 1); (e) ∑ σ(U^{(2)}hu^{(2)},^∼U^{(2)}l^∼u^{(2)})U^{(1)} ⊗ u^{(1)} ⊗^∼U^{(1)} ⊗^∼u^{(1)} = σ(h, l)(1 ⊗ 1 ⊗ 1 ⊗ 1); (f) ∑ σ(U^{(1)}_1, l)U^{(1)}_2⊗U^{(2)} = ∑ σ(l, U^{(1)}_1)U^{(1)}_2⊗U^{(2)} = ∑ (U^{(1)}⊗U^{(2)})ε(l); (g) ∑ U^{(1)} ⊗ U^{(2)}_1σ(U^{(2)}_2, l) = ∑ U^{(1)} ⊗ U^{(2)}_1σ(l, U^{(2)}_2) = ∑ (U^{(1)} ⊗ U^{(2)})ε(l).

Proof: (a) ∑ R^{(1)} ⊗ R^{(1)}_1σ(R^{(2)}_2, h)

(ii)+(2^′ ) = ∑ R^{(1)} ⊗ r^{(1)}R^{(2)}_1σ(r^{(2)}R^{(2)}_2, h)

(1^′ ) = ∑ r^{(1)}R^{(1)}_1 ⊗ r^{(2)}R^{(1)}_2σ(R^{(2)}, h)

(ii)+(2^′ ) = ∑ R^{(1)} ⊗ R^{(2)}σ(1, h) (2) = ∑ (R^{(1)} ⊗ R^{(2)})ε(h).

Similarly, we can prove the second formula of (a), (b) and (c).

By (i) and (ii) of Definition 1.1, and RU = UR = 1 ⊗ 1, we can prove (d)

and (e). ∑ σ(U^{(1)}_1, l)U^{(1)}_2 ⊗ U^{(2)}

(d)+(4^′ ) = ∑ σ(U^{(1)}_1u^{(1)}, l)U^{(1)}_2u^{(2)} ⊗ U^{(2)}

(3^′ ) = ∑ σ(U^{(1)}, l)U^{(2)}_1u^{(1)} ⊗ U^{(2)}_2u^{(2)}

(d)+(4^′ ) = ∑ σ(1, l)U^{(1)} ⊗ U^{(2)} (2) = ∑ (U^{(1)} ⊗ U^{(2)})ε(l).

Analogously, we can prove the second formula of (f) and (g). □

The following proposition can be proved by direct computation.

Proposition 1.3. Let H be an σ − R compatible Hopf algebra, then we have (h) ∑ R^{(1)} ⊗ R^{(2)}_1σ^{−1}(R^{(2)}_2, l) = ∑ R^{(1)} ⊗ R^{(2)}_1σ^{−1}(l, R^{(2)}_2) = ∑ (R^{(1)} ⊗

R^{(2)})ε(l); (i) ∑ R^{(1)}_1σ^{−1}(R^{(1)}_2, l) ⊗ R^{(2)} = ∑ R^{(1)}_1σ^{−1}(l, R^{(1)}_2) ⊗ R^{(2)} = ∑ (R^{(1)} ⊗

R^{(2)})ε(l); (j) ∑ σ^{−1}(R^{(1)}_1, l)R^{(1)}_2 ⊗ R^{(2)} = ∑ σ^{−1}(l, R^{(1)}_1)R^{(1)}_2 ⊗ R^{(2)} = ∑ (R^{(1)} ⊗

R^{(2)})ε(l); (k) ∑ σ^{−1}(h, R^{(2)}_1)R^{(2)}_2 ⊗ R^{(1)} = ∑ σ^{−1}(R^{(2)}_1, h)R^{(2)}_2 ⊗ R^{(1)} = ∑ (R^{(2)} ⊗

R^{(1)})ε(h); (l) ∑ U^{(1)} ⊗ U^{(2)}_1σ^{−1}(U^{(2)}_2, l) = ∑ U^{(1)} ⊗ U^{(2)}_1σ^{−1}(l, U^{(2)}_2) = ∑ (U^{(1)} ⊗

U^{(2)})ε(l); (m) ∑ σ^{−1}(U^{(1)}_1, l)U^{(1)}_2 ⊗ U^{(2)} = ∑ σ^{−1}(l, U^{(1)}_1)U^{(1)}_2 ⊗ U^{(2)} = ∑ (U^{(1)} ⊗

U^{(2)})ε(l); (n) ∑ σ^{−1}(R^{(2)}, l)R^{(1)} = ∑ σ^{−1}(l, R^{(2)})R^{(1)} = ε(l); (o) ∑ σ^{−1}(R^{(1)}, l)R^{(2)} = ∑ σ^{−1}(l, R^{(1)})R^{(2)} = ε(l); (p) ∑ σ^{−1}(U^{(2)}, l)U^{(1)} = ∑ σ^{−1}(l, U^{(2)})U^{(1)} = ε(l); (q) ∑ σ^{−1}(U^{(1)}, l)U^{(2)} = ∑ σ^{−1}(l, U^{(1)})U^{(2)} = ε(l); (r) ∑ σ^{−1}(U^{(1)}h, l)U^{(2)} = ∑ σ^{−1}(hU^{(1)}, l)U^{(2)} = σ^{−1}(h, l); (s) ∑ σ^{−1}(h, lU^{(2)})U^{(1)} = ∑ σ^{−1}(hU^{(2)}, l)U^{(1)} = σ^{−1}(h, l).

Theorem 1.4. Let H be an σ −R compatible bialgebra, then (H, ⊙,^∼Δ) is a Hopf

algebra which will be denoted by H^{σ−R}.

Proof: Clearly,^∼Δ(1) = 1 ⊗ 1. For all h, l ∈ H, we have ∼ Δ(h)^∼Δ(l) (B) = ∑ (R^{(1)}h_1U^{(1)}) ⊙ (r^{(1)}l_1u^{(1)}) ⊗ (R^{(2)}h_2U^{(2)}) ⊙ (r^{(2)}l_2u^{(2)}) (A) = ∑ σ(R^{(1)}_1h_1U^{(1)}_1, r^{(1)}_1l_1u^{(1)}_1)(R^{(1)}_2h_2U^{(1)}_2r^{(1)}_2l_2u^{(1)}_2) σ^{−1}(R^{(1)}_3h_3U^{(1)}_3, r^{(1)}_3l_3u^{(1)}_3) ⊗ σ(R^{(2)}_1h_4U^{(2)}_1, r^{(2)}_1l_4u^{(2)}_1)(R^{(2)}_2h_5U^{(2)}_2r^{(2)}_2l_5u^{(2)}_2) σ^{−1}(R^{(2)}_3h_6U^{(2)}_3, r^{(2)}_3l_6u^{(2)}_3) (b) = ∑ σ(r^{(1)}_1, l_1U^{(1)}_1) σ(R^{(1)}_1h_1U^{(1)}_1, r^{(1)}_2l_2u^{(1)}_2)(R^{(1)}_2h_2U^{(1)}_2r^{(1)}_2l_2u^{(1)}_2) σ^{−1}(R^{(1)}_3h_3U^{(1)}_3, r^{(1)}_3l_3u^{(1)}_3) ⊗ σ(R^{(2)}_1h_4U^{(2)}_1, r^{(2)}_1l_4u^{(2)}_1)(R^{(2)}_2h_5U^{(2)}_2r^{(2)}_2l_5u^{(2)}_2) σ^{−1}(R^{(2)}_3h_6U^{(2)}_3, r^{(2)}_3l_6u^{(2)}_3) (1) = ∑ σ(R^{(1)}_1h_1U^{(1)}_1, r^{(1)}_1) σ(R^{(1)}_2h_2U^{(1)}_2r^{(1)}_2, l_1u^{(1)}_1)(R^{(1)}_3h_3U^{(1)}_3r^{(1)}_3l_2u^{(1)}_2) σ^{−1}(R^{(1)}_4h_4U^{(1)}_4, r^{(1)}_4l_3u^{(1)}_3) ⊗ σ(R^{(2)}_1h_5U^{(2)}_1, r^{(2)}_1l_4u^{(2)}_1)(R^{(2)}_2h_6U^{(2)}_2r^{(2)}_2l_5u^{(2)}_2) σ^{−1}(R^{(2)}_3h_7U^{(2)}_3, r^{(2)}_3l_6u^{(2)}_3) (b) = ∑ σ(R^{(1)}_1h_1U^{(1)}_1r^{(1)}_1, l_1u^{(1)}_1)(R^{(1)}_2h_2U^{(1)}_2r^{(1)}_2l_2u^{(1)}_2) σ^{−1}(R^{(1)}_3h_3U^{(1)}_3, r^{(1)}_3l_3u^{(1)}_3) ⊗ σ(R^{(2)}_1h_4U^{(2)}_1, r^{(2)}_1l_4u^{(2)}_1)(R^{(2)}_2h_5U^{(2)}_2r^{(2)}_2l_5u^{(2)}_2) σ^{−1}(R^{(2)}_3h_6U^{(2)}_3, r^{(2)}_3l_6u^{(2)}_3) (I) = ∑ σ(R^{(1)}_1h_1U^{(1)}_1r^{(1)}_1, l_1u^{(1)}_1)(R^{(1)}_2h_2U^{(1)}_2r^{(1)}_2l_2u^{(1)}_2) σ^{−1}(R^{(1)}_3h_3U^{(1)}_3, r^{(1)}_3l_3u^{(1)}_3)σ^{−1}(r^{(1)}_4, l_4u^{(1)}_4) ⊗ σ(R^{(2)}_1h_4U^{(2)}_1, r^{(2)}_1l_5u^{(2)}_1)(R^{(2)}_2h_5U^{(2)}_2r^{(2)}_2l_5u^{(2)}_2) σ^{−1}(R^{(2)}_3l_6U^{(2)}_3, r^{(2)}_3l_7u^{(2)}_3) (3) = ∑ σ(R^{(1)}_1h_1U^{(1)}_1r^{(1)}_1, l_1u^{(1)}_1)(R^{(1)}_2h_2U^{(1)}_2r^{(1)}_2l_2u^{(1)}_2) σ^{−1}(R^{(1)}_3h_3U^{(1)}_3r^{(1)}_3, l_3u^{(1)}_3)σ^{−1}(r^{(1)}_4h_4u^{(1)}_4, r^{(1)}_4)

⊗ σ(R^{(2)}_1h_5U^{(2)}_1, r^{(2)}_1l_4u^{(2)}_1)(R^{(2)}_2h_6U^{(2)}_2r^{(2)}_2l_5u^{(2)}_2) σ^{−1}(R^{(2)}_3h_7U^{(2)}_3, r^{(2)}_3l_6u^{(2)}_3) (I) = ∑ σ(R^{(1)}_1h_1U^{(1)}_1r^{(1)}_1, l_1u^{(1)}_1)(R^{(1)}_2h_2U^{(1)}_2r^{(1)}_2l_2u^{(1)}_2) σ^{−1}(R^{(1)}_3h_3U^{(1)}_3r^{(1)}_3, l_3u^{(1)}_3) ⊗ σ(R^{(2)}_1h_4U^{(2)}_1, r^{(2)}_1l_4u^{(2)}_1)(R^{(2)}_2h_5U^{(2)}_2r^{(2)}_2l_5u^{(2)}_2) σ^{−1}(R^{(2)}_3h_6U^{(2)}_3, r^{(2)}_3l_6u^{(2)}_3) (c) = ∑ σ(R^{(1)}_1h_1U^{(1)}_1r^{(1)}_1, l_1u^{(1)}_1)(R^{(1)}_2h_2U^{(1)}_2r^{(1)}_2l_2u^{(1)}_2) σ^{−1}(R^{(1)}_3h_3U^{(1)}_3r^{(1)}_3, l_3u^{(1)}_3) ⊗ σ(r^{(2)}_1, l_4u^{(2)}_1) σ(R^{(2)}_1h_4U^{(2)}_1, r^{(2)}_2l_5u^{(2)}_2)(R^{(2)}_2h_5U^{(2)}_2r^{(2)}_3l_6u^{(2)}_3) σ^{−1}(R^{(2)}_3h_6U^{(2)}_3, r^{(2)}_4l_7u^{(2)}_4) (1) = ∑ σ(R^{(1)}_1h_1U^{(1)}_1r^{(1)}_1, l_1u^{(1)}_1)(R^{(1)}_2h_2U^{(1)}_2r^{(1)}_2l_2u^{(1)}_2) σ^{−1}(R^{(1)}_3h_3U^{(1)}_3r^{(1)}_3, l_3u^{(1)}_3) ⊗ σ(R^{(2)}_1h_4U^{(2)}_1, r^{(2)}_1) σ(R^{(2)}_2h_5U^{(2)}_2r^{(2)}_2, l_4u^{(2)}_1)(R^{(2)}_3h_6U^{(2)}_3r^{(2)}_3l_5u^{(2)}_2) σ^{−1}(R^{(2)}_4h_7U^{(2)}_4, r^{(2)}_4l_6u^{(2)}_3)

(h)+(c) = ∑ σ(R^{(1)}_1h_1U^{(1)}_1r^{(1)}_1, l_1u^{(1)}_1)(R^{(1)}_2h_2U^{(1)}_2r^{(1)}_2l_2u^{(1)}_2) σ^{−1}(R^{(1)}_3h_3U^{(1)}_3r^{(1)}_3, l_3u^{(1)}_3) ⊗ σ(R^{(2)}_1h_4U^{(2)}_1r^{(2)}_1, l_4u^{(2)}_1)(R^{(2)}_2h_5U^{(2)}_2r^{(2)}_2l_5u^{(2)}_2) σ^{−1}(R^{(2)}_3h_6U^{(2)}_3, r^{(2)}_3l_6u^{(2)}_3)σ^{−1}(R^{(2)}_4, l_7u^{(2)}_4)

(3)+(h) = ∑ σ(R^{(1)}_1h_1U^{(1)}_1r^{(1)}_1, l_1u^{(1)}_1)(R^{(1)}_2h_2U^{(1)}_2r^{(1)}_2l_2u^{(1)}_2) σ^{−1}(R^{(1)}_3h_3U^{(1)}_3r^{(1)}_3, l_3u^{(1)}_3) ⊗ σ(R^{(2)}_1h_4U^{(2)}_1r^{(2)}_1, l_4u^{(2)}_1)(R^{(2)}_2h_5U^{(2)}_2r^{(2)}_2l_5u^{(2)}_2) σ^{−1}(R^{(2)}_3h_6U^{(2)}_3r^{(2)}_3, l_6u^{(2)}_3)

R invertible = ∑ σ(R^{(1)}_1h_1, l_1U^{(1)}_1)(R^{(1)}_2h_2l_2u^{(1)}_2)σ^{−1}(R^{(1)}_3h_3, l_3u^{(1)}_3) ⊗ σ(R^{(2)}_1h_4, l_4U^{(2)}_1)(R^{(2)}_2h_5l_5u^{(2)}_2)σ^{−1}(R^{(2)}_3h_6, l_6u^{(2)}_3) (i) = ∑ σ(R̃^{(1)}R^{(1)}_1h_1, l_1u^{(1)}_1)(R̃^{(2)}_1 R^{(1)}_2h_2l_2u^{(1)}_2) σ^{−1}(R̃^{(2)}_2 R^{(1)}_3h_3, l_3u^{(1)}_3)

⊗ σ(R^{(2)}_3h_4, l_4U^{(2)}_1)(R^{(2)}_4h_5l_5u^{(1)}_2)σ^{−1}(R^{(2)}_5h_6, l_6u^{(2)}_3)

(1^′) = ∑ σ(R^{(1)}h_1, l_1u^{(1)}_1)(R̃^{(1)}_1 R^{(2)}_1h_2l_2u^{(1)}_2) σ^{−1}(R̃^{(1)}_2 R^{(2)}_2h_3, l_3u^{(1)}_3) ⊗ σ(R̃^{(2)}_1 R^{(2)}_3h_4, l_4U^{(2)}_1)(R̃^{(2)}_2 R^{(2)}_4h_5l_5u^{(1)}_2) σ^{−1}(R̃^{(2)}_3 R^{(2)}_5h_6, l_6u^{(2)}_3) (i) = ∑ σ(h_1, l_1u^{(1)}_1)(R̃^{(1)}_1 h_2l_2u^{(1)}_2)σ^{−1}(R̃^{(1)}_2 h_3, l_3u^{(1)}_3) ⊗ σ(R̃^{(2)}_1 h_4, l_4u^{(2)}_1)(R̃^{(2)}_2 h_5l_5u^{(1)}_2)σ^{−1}(R̃^{(2)}_3 h_6, l_6u^{(2)}_3) (d) = ∑ σ(h_1, l_1u^{(1)}_1ũ^{(1)})(R̃^{(1)}_1 h_2l_2u^{(1)}_2ũ^{(2)}_1 )σ^{−1}(R̃^{(1)}_2 h_3, l_3u^{(1)}_3ũ^{(2)}_2 ) ⊗ σ(R̃^{(2)}_1 h_4, l_4u^{(2)}_1)(R̃^{(2)}_2 h_5l_5u^{(2)}_2)σ^{−1}(R̃^{(2)}_3 h_6, l_6u^{(2)}_3)

(3^′) = ∑ σ(h_1, l_1u^{(1)})(R̃^{(1)}_1 h_2l_2u^{(2)}_1ũ^{(1)}_1 )σ^{−1}(R̃^{(1)}_2 h_3, l_3u^{(2)}_2ũ^{(1)}_2 ) ⊗ σ(R̃^{(2)}_1 h_4, l_4u^{(2)}_2ũ^{(2)}_1 )(R̃^{(2)}_2 h_5l_6u^{(2)}_3ũ^{(2)}_2 )σ^{−1}(R̃^{(2)}_3 h_6, l_6u^{(2)}_4ũ^{(2)}_3 ) (d) = ∑ σ(h_1, l_1)(R̃^{(1)}_1 h_2l_2ũ^{(1)}_1)σ^{−1}(R̃^{(1)}_2 h_3, l_3ũ^{(1)}_2 ) ⊗ σ(R̃^{(2)}_1 h_4, l_4ũ^{(2)}_1 )(R̃^{(2)}_2 h_5l_5ũ^{(2)}_2 )σ^{−1}(R̃^{(2)}_3 h_6, l_6ũ^{(2)}_3 ) (n) = ∑ σ(h_1, l_1)(R^{(1)}R̃^{(1)}_1 h_2l_2ũ^{(1)}_1) σ^{−1}(R^{(2)}, R̃^{(1)}_2 h_3l_3ũ^{(1)}_2 )σ^{−1}(R̃^{(1)}_3 h_4, l_4ũ^{(1)}_3 ) ⊗ σ(R̃^{(2)}_1 h_5, l_5ũ^{(2)}_1)(R̃^{(2)}_2 h_6l_6ũ^{(2)}_2 )σ^{−1}(R̃^{(2)}_3 h_7, l_7ũ^{(2)}_3 ) (3) = ∑ σ(h_1, l_1)(R^{(1)}R̃^{(1)}_1 h_2l_2ũ^{(1)}_1) σ^{−1}(R^{(2)}_1 R̃^{(1)}_2 h_3, l_3ũ^{(1)}_2 )σ^{−1}(R^{(2)}_2, R̃^{(1)}_3 h_4) ⊗ σ(R̃^{(2)}_1 h_5, l_4ũ^{(2)}_1)(R̃^{(2)}_2 h_6l_5ũ^{(2)}_2 )σ^{−1}(R̃^{(2)}_3 h_7, l_6ũ^{(2)}_3 ) (h) = ∑ σ(h_1, l_1)(R^{(1)}R̃^{(1)}_1 h_2l_2ũ^{(1)}_1)σ^{−1}(R^{(2)}R̃^{(1)}_2 h_3, l_3ũ^{(1)}_2 ) ⊗ σ(R̃^{(2)}_1 h_4, l_4ũ^{(2)}_1)(R̃^{(2)}_2 h_5l_5ũ^{(2)}_2 )σ^{−1}(R̃^{(2)}_3 h_6, l_6ũ^{(2)}_3 )

(1^′) = ∑ σ(h_1, l_1)(R̃^{(1)}h_2l_2ũ^{(1)}_1)σ^{−1}(R^{(1)}R̃^{(2)}_1 h_3, l_3ũ^{(1)}_2 ) ⊗ σ(R^{(2)}_1 R̃^{(2)}_2 h_4, l_4ũ^{(2)}_1)(R^{(2)}_2 R̃^{(2)}_3 h_5l_5ũ^{(2)}_2 )σ^{−1}(R^{(2)}_3 R̃^{(2)}_4 h_6, l_6ũ^{(2)}_3 )

(iv) = ∑ σ(h_1, l_1)(R̃^{(1)}h_2l_2ũ^{(1)}_1)σ^{−1}(R̃^{(2)}_1 h_3, l_3ũ^{(1)}_2 ) ⊗ σ(R̃^{(2)}_2 h_4, l_4ũ^{(2)}_1)(R̃^{(2)}_3 h_5l_5ũ^{(2)}_2 )σ^{−1}(R̃^{(2)}_4 h_6, l_6ũ^{(2)}_3 )

(p) = ∑ σ(h_1, l_1)(R̃^{(1)}h_2l_2ũ^{(1)}_1u^{(1)})

σ^{−1}(R̃^{(2)}_2 h_4, l_4ũ^{(1)}_3 )σ^{−1}(R̃^{(1)}_1 h_3l_3ũ^{(1)}_2, u^{(2)})

⊗ σ(R̃^{(2)}_2 h_5, l_5ũ^{(2)}_1)(R̃^{(2)}_3 h_6l_6ũ^{(2)}_2 )σ^{−1}(R̃^{(2)}_4 h_7, l_7ũ^{(2)}_3 ) (3) = ∑ σ(h_1, l_1)(R̃^{(1)}h_2l_2ũ^{(1)}_1u^{(1)})

σ^{−1}(R̃^{(2)}_1 h_3, l_3ũ^{(1)}_2 u^{(2)}_1)σ^{−1}(l_4ũ^{(1)}_3 , u^{(2)}_2)

⊗ σ(R̃^{(2)}_2 h_4, l_5ũ^{(2)}_1)(R̃^{(2)}_3 h_6l_6ũ^{(2)}_2 )σ^{−1}(R̃^{(2)}_4 h_7, l_7ũ^{(2)}_3 ) (l) = ∑ σ(h_1, l_1)(R̃^{(1)}h_2l_2ũ^{(1)}_1u^{(1)})σ^{−1}(R̃^{(2)}_1 h_3, l_3ũ^{(1)}_2 u^{(2)})

⊗ σ(R̃^{(2)}_2 h_4, l_4ũ^{(2)}_1)(R̃^{(2)}_3 h_5l_5ũ^{(2)}_2 )σ^{−1}(R̃^{(2)}_4 h_6, l_6ũ^{(2)}_3 )

(3^′) = ∑ σ(h_1, l_1)(R̃^{(1)}h_2l_2ũ^{(1)})σ^{−1}(R̃^{(2)}_1 h_3, l_3ũ^{(2)}_1 u^{(1)})

⊗ σ(R̃^{(2)}_2 h_4, l_4ũ^{(2)}_2u^{(2)}_1 )(R̃^{(2)}_3 h_5l_5ũ^{(2)}_3 u^{(2)}_3 )σ^{−1}(R̃^{(2)}_4 h_6, l_6ũ^{(2)}_4 u^{(2)}_3 ) (r) = ∑ σ(h_1, l_1)(R̃^{(1)}h_2l_2ũ^{(1)})σ^{−1}(R̃^{(2)}_1 h_3, l_3ũ^{(2)}_1 )

⊗ σ(R̃^{(2)}_2 h_4, l_4ũ^{(2)}_2)(R̃^{(2)}_3 h_5l_5ũ^{(2)}_3 )σ^{−1}(R̃^{(2)}_4 h_6, l_6ũ^{(2)}_4 ) = ∑ σ(h_1, l_1)(R̃^{(1)}h_2l_2ũ^{(1)}) ⊗ R̃^{(2)}_1 h_3l_3ũ^{(2)}_1σ^{−1}(R̃^{(2)}_2 h_4, l_4ũ^{(2)}_2 )

(iv) = ∑ σ(h_1, l_1)(R̃^{(1)}h_2l_2ũ^{(1)}) ⊗ (R^{(1)}R̃^{(2)}_1 h_3l_3ũ^{(2)}_1)

σ^{−1}(R^{(2)}R̃^{(2)}_2 h_4, l_4ũ^{(2)}_2 )

(1^′) = ∑ σ(h_1, l_1)(R^{(1)}R̃^{(1)}_1 h_2l_2ũ^{(1)}) ⊗ (R^{(2)}R̃^{(1)}_2 h_3l_3ũ^{(2)}_1)

σ^{−1}(R̃^{(2)}h_4, l_4ũ^{(2)}_2 )

(iv) = ∑ σ(h_1, l_1)(R^{(1)}h_2l_2ũ^{(1)}) ⊗ (R^{(2)}h_3l_3ũ^{(2)}_1)σ^{−1}(h_4, l_4ũ^{(2)}_2 ) (s) = ∑ σ(h_1, l_1)(R^{(1)}h_2l_2ũ^{(1)}) ⊗ (R^{(2)}h_3l_3ũ^{(2)}_1u^{(1)})σ^{−1}(h_4, l_4ũ^{(2)}_2 u^{(2)})

(3^′) = ∑ σ(h_1, l_1)(R^{(1)}h_2l_2ũ^{(1)}_1 u^{(1)}) ⊗ (R^{(2)}h_3l_3ũ^{(1)}_2u^{(2)})σ^{−1}(h_4, l_4ũ^{(2)}) (s) = ∑ σ(h_1, l_1)(R^{(1)}h_2l_2u^{(1)}) ⊗ (R^{(2)}h_3l_3u^{(2)})σ^{−1}(h_4, l_4)

(A)+(B)

= Δ̃(h ⊙ l). □ Now we will give the Hopf structure of H^{σ−R}, and we will always assume that the following two conditions hold: ∀ h, l ∈ H (t) ∑ σ^{−1}(h, lS(U^{(1)}_1))S(U^{(1)}_2) ⊗ U^{(2)} = ∑ σ^{−1}(h, l)S(U^{(1)}) ⊗ U^{(2)}, (u) ∑ σ^{−1}(S(U^{(2)})hS(R^{(2)}), lS(r^{(2)}))U^{(1)} ⊗ R^{(1)} ⊗ r^{(1)} = σ^{−1}(h, l).

Theorem 1.5. Let H be a σ − R compatible Hopf algebra. Suppose that conditions (t), (u) hold. Then (H, ⊙,^∼Δ) is a Hopf algebra with the antipode:

S^{σ−R}(h) = ∑ σ(h_1, S(h_2))R^{(1)}S(U^{(1)}h_3R^{(2)})U^{(2)}σ^{−1}(S(h_4), h_5).

Proof: By Theorem 1.4, H^{σ−R} is a bialgebra. It remains only to verify that S^{σ−R} is the antipode of H^{σ−R}. For all h ∈ H (I ⋆ S^{σ−R})(h) (B) = ∑ (R̃^{(1)}h_1Ũ^{(1)}) ⊙ S^{σ−R}(R̃^{(2)}h_2Ũ^{(2)}) (A) = ∑ σ(R̃^{(1)}_1h_1Ũ^{(1)}_1, S^{σ−R}(R̃^{(2)}h_4Ũ^{(2)})_1) [(R̃^{(1)}_2h_2Ũ^{(1)}_2)S^{σ−R}(R̃^{(2)}h_4Ũ^{(2)})_2] σ^{−1}(R̃^{(1)}_3h_3Ũ^{(1)}_3, S^{σ−R}(R̃^{(2)}h_4Ũ^{(2)})_3) = ∑ σ(R̃^{(1)}_1h_1Ũ^{(1)}_1, (R^{(1)}S(U^{(1)}R̃^{(2)}_3 h_6Ũ^{(2)}_3 R^{(2)})U^{(2)})_1) σ(R̃^{(2)}_1h_4Ũ^{(2)}_1, S(R̃^{(2)}_2 h_5Ũ^{(2)}_2 )) [R̃^{(1)}_2h_2Ũ^{(1)}_2(R^{(1)}S(U^{(1)}R̃^{(2)}_3 h_6Ũ^{(2)}_3R^{(2)})U^{(2)})_2] σ^{−1}(R̃^{(1)}_3h_3Ũ^{(1)}_3, (R^{(1)}S(U^{(1)}R̃^{(2)}_3h_6Ũ^{(2)}_3R^{(2)})U^{(2)})_3) σ^{−1}(S(R̃^{(2)}_4h_7Ũ^{(2)}_4 ), R̃^{(2)}_5h_8Ũ^{(2)}_5)

(i)+(2^′ ) = ∑ σ(r^{(1)}R̃^{(1)}_1h_1Ũ^{(1)}_1, R^{(1)}_1S(U^{(1)}R̃^{(2)}_3 h_6Ũ^{(2)}_3 R^{(2)})_1U^{(2)}_1) σ(R̃^{(2)}_1h_4Ũ^{(2)}_1, S(R̃^{(2)}_2 h_5Ũ^{(2)}_2 )) [r^{(2)}_1R̃^{(1)}_2h_2Ũ^{(1)}_2R^{(1)}_2S(U^{(1)}R̃^{(2)}_3 h_6Ũ^{(2)}_3 R^{(2)})_2U^{(2)}_2] σ^{−1}(r^{(2)}_2R̃^{(1)}_3h_3Ũ^{(1)}_3, R^{(1)}_3S(U^{(1)}R̃^{(2)}_3h_6 Ũ^{(2)}_3R^{(2)})_3U^{(2)}_3)σ^{−1}(S(R̃^{(2)}_4h_7Ũ^{(2)}_4), R̃^{(2)}_5h_8Ũ^{(2)}_5)

(1^′) = ∑ σ(R̃^{(1)}h_1Ũ^{(1)}_1, R^{(1)}_1S(U^{(1)}r^{(2)}_3R̃^{(2)}_4h_6Ũ^{(2)}_3R^{(2)})_1U^{(2)}_1 ) σ(r^{(2)}_1R̃^{(1)}_2h_4Ũ^{(2)}_1, S(r^{(2)}_2R̃^{(2)}_3h_5Ũ^{(2)}_2)) [r^{(1)}_1R̃^{(2)}_1h_2Ũ^{(1)}_2R^{(1)}_2S(U^{(1)}r^{(2)}_3R̃^{(2)}_4h_6Ũ^{(2)}_3R^{(2)})_2U^{(2)}_2] σ^{−1}(r^{(1)}_2R̃^{(2)}_2h_3Ũ^{(1)}_3, R^{(1)}_3 S(U^{(1)}r^{(2)}_3R̃^{(2)}_4h_6Ũ^{(2)}_3R^{(2)})_3U^{(2)}_3) σ^{−1}(S(r^{(2)}_4R̃^{(2)}_5h_7Ũ^{(2)}_4), r^{(2)}_5R̃^{(2)}_6h_8Ũ^{(2)}_5)

(2^′)+(i) = ∑ σ(h_1Ũ^{(1)}_1, R^{(1)}_1S(U^{(1)}r^{(2)}_3h_6Ũ^{(2)}_3R^{(2)})_1U^{(2)}_1 ) σ(r^{(2)}_1h_4Ũ^{(2)}_1, S(r^{(2)}_2h_5Ũ^{(2)}_2)) [r^{(1)}_1h_2Ũ^{(1)}_2R^{(1)}_2S(U^{(1)}r^{(2)}_3h_6Ũ^{(2)}_3R^{(2)})_2U^{(2)}_2] σ^{−1}(r^{(1)}_2h_3Ũ^{(1)}_3, R^{(1)}_3S(U^{(1)}r^{(2)}_3h_6 Ũ^{(2)}_3R^{(2)})_3U^{(2)}_3)σ^{−1}(S(r^{(2)}_4h_7Ũ^{(2)}_4), r^{(2)}_5h_8Ũ^{(2)}_5)

(i)+(2^′ ) = ∑ σ(h_1Ũ^{(1)}_1, r̃^{(1)}R^{(1)}_1S(U^{(1)}r^{(2)}_3h_6Ũ^{(2)}_3R^{(2)})_1U^{(2)}_1 ) σ(r^{(2)}_1h_4Ũ^{(2)}_1, S(r^{(2)}_2h_5Ũ^{(2)}_2)) [r^{(1)}_1h_2Ũ^{(1)}_2r̃^{(2)}_1R^{(1)}_2S(U^{(1)}r^{(2)}_3h_6Ũ^{(2)}_3R^{(2)})_2U^{(2)}_2] σ^{−1}(r^{(1)}_2h_3Ũ^{(1)}_3, r̃^{(2)}_2R^{(1)}_3S(U^{(1)}r^{(2)}_3h_6Ũ^{(2)}_3R^{(2)})_3U^{(2)}_3) σ^{−1}(S(r^{(2)}_4h_7Ũ^{(2)}_4), r^{(2)}_5h_8Ũ^{(2)}_5)

(1^′) = ∑ σ(h_1Ũ^{(1)}_1, R^{(1)}S(U^{(1)}r^{(2)}_3h_6Ũ^{(2)}_3r̃^{(2)}R^{(2)}_3)_1U^{(2)}_1 ) σ(r^{(2)}_1h_4Ũ^{(2)}_1, S(r^{(2)}_2h_5Ũ^{(2)}_2)) [r^{(1)}_1h_2Ũ^{(1)}_2r̃^{(1)}_1R^{(2)}_1S(U^{(1)}r^{(2)}_3h_6Ũ^{(2)}_3r̃^{(2)}R^{(2)}_3)_2U^{(2)}_2] σ^{−1}(r^{(1)}_2h_3Ũ^{(1)}_3, r̃^{(1)}_2R^{(2)}_2 S(U^{(1)}r^{(2)}_3h_6Ũ^{(2)}_3r̃^{(2)}R^{(2)}_3)_3U^{(2)}_3) σ^{−1}(S(r^{(2)}_4h_7Ũ^{(2)}_4), r^{(2)}_5h_8Ũ^{(2)}_5)

(2^′)+(i) = ∑ σ(h_1Ũ^{(1)}_1, S(U^{(1)}r^{(2)}_3h_6Ũ^{(2)}_3r̃^{(2)})_1U^{(2)}_1 )σ(r^{(2)}_1h_4Ũ^{(2)}_1, S(r^{(2)}_2h_5Ũ^{(2)}_2)) [r^{(1)}_1h_2Ũ^{(1)}_2r̃^{(1)}_1S(U^{(1)}r^{(2)}_3h_6Ũ^{(2)}_3r̃^{(2)})_2U^{(2)}_2] σ^{−1}(r^{(1)}_2h_3Ũ^{(1)}_3, r̃^{(1)}_2S(U^{(1)}r^{(2)}_3h_6Ũ^{(2)}_3r̃^{(2)})_3U^{(2)}_3) σ^{−1}(S(r^{(2)}_4h_7Ũ^{(2)}_4), r^{(2)}_5h_8Ũ^{(2)}_5)

(d)+(4^′ ) = ∑ σ(h_1Ũ^{(1)}_1u^{(1)}, S(U^{(1)}r^{(2)}_3h_6Ũ^{(2)}_3r̃^{(2)})_1U^{(2)}_1 ) σ(r^{(2)}_1h_4Ũ^{(2)}_1, S(r^{(2)}_2h_5Ũ^{(2)}_2)) [r^{(1)}_1h_2Ũ^{(1)}_2u^{(2)}_1r̃^{(1)}_1S(U^{(1)}r^{(2)}_3h_6Ũ^{(2)}_3r̃^{(2)})_2U^{(2)}_2] σ^{−1}(r^{(1)}_2h_3Ũ^{(1)}_3u^{(2)}_2, r̃^{(1)}_2S(U^{(1)}r^{(2)}_3h_6Ũ^{(2)}_3r̃^{(2)})_3U^{(2)}_3) σ^{−1}(S(r^{(2)}_4h_7Ũ^{(2)}_4), r^{(2)}_5h_8Ũ^{(2)}_5)

(3^′) = ∑ σ(h_1Ũ^{(1)}, S(U^{(1)}r^{(2)}_3h_6Ũ^{(2)}_4u^{(2)}_3r̃^{(2)})_1U^{(2)}_1 ) σ(r^{(2)}_1h_4Ũ^{(2)}_2u^{(2)}_1, S(r^{(2)}_2h_5Ũ^{(2)}_3u^{(2)}_2)) [r^{(1)}_1h_2Ũ^{(2)}_1u^{(1)}_1r̃^{(1)}_1S(U^{(1)}r^{(2)}_3h_6Ũ^{(2)}_3u^{(2)}_3r̃^{(2)})_02U^{(2)}_2] σ^{−1}(r^{(1)}_2h_3Ũ^{(2)}_2u^{(1)}_2, r̃^{(1)}_2S(U^{(1)}r^{(2)}_3h_6Ũ^{(2)}_4u^{(2)}_3r̃^{(2)})_3U^{(2)}_3) σ^{−1}(S(r^{(2)}_4h_7Ũ^{(2)}_5u^{(2)}_4), r^{(2)}_5h_8Ũ^{(2)}_6u^{(2)}_5)

(d)+(4^′ ) = ∑ σ(h_1, S(U^{(1)}r^{(2)}_3h_6u^{(2)}_3r̃^{(2)})_1U^{(2)}_1 ũ^{(1)}) σ(r^{(2)}_1h_4u^{(2)}_1, S(r^{(2)}_2h_5u^{(2)}_2)) [r^{(1)}_1h_2u^{(1)}_1r̃^{(1)}_1S(U^{(1)}r^{(2)}_3h_6u^{(2)}_3r̃^{(2)})_2U^{(2)}_2ũ^{(2)}_1] σ^{−1}(r^{(1)}_2h_3u^{(1)}_2, r̃^{(1)}_2S(U^{(1)}r^{(2)}_3h_6u^{(2)}_3r̃^{(2)})_3U^{(2)}_3ũ^{(2)}_2) σ^{−1}(S(r^{(2)}_4h_7u^{(2)}_4), r^{(2)}_5h_8u^{(2)}_5)

(3^′) = ∑ σ(h_1, S(U^{(1)}_1ũ^{(1)}r^{(2)}_3h_6u^{(2)}_3r̃^{(2)})_1U^{(1)}_2 ũ^{(2)}) σ(r^{(2)}_1h_4u^{(2)}_1, S(r^{(2)}_2h_5u^{(2)}_2)) [r^{(1)}_1h_2u^{(1)}_1r̃^{(1)}_1S(U^{(1)}_{(1)}ũ^{(1)}r^{(2)}_3h_6u^{(2)}_3r̃^{(2)})_2U^{(2)}_1] σ^{−1}(r^{(1)}_2h_3u^{(1)}_2, r̃^{(1)}_2S(U^{(1)}_1ũ^{(1)}r^{(2)}_3h_6u^{(2)}_3r̃^{(2)})_3U^{(2)}_2) σ^{−1}(S(r^{(2)}_4h_7u^{(2)}_4), r^{(2)}_5h_8u^{(2)}_5)

(e)+(4^′) = ∑ σ(h_1, S(r^{(2)}_3h_6u^{(2)}_3r̃^{(2)})_1U^{(1)}_2 ũ^{(2)}) σ(r^{(2)}_1h_4u^{(2)}_1, S(r^{(2)}_2h_5u^{(2)}_2)) [r^{(1)}_1h_2u^{(1)}_1r̃^{(1)}_1S(r^{(2)}_3h_6u^{(2)}_3r̃^{(2)})_2S(U^{(1)}_2)U^{(2)}_1] σ^{−1}(r^{(1)}_2h_3u^{(1)}_2, r̃^{(1)}_2S(r^{(2)}_3h_6u^{(2)}_3r̃^{(2)})_3S(U^{(1)}_1)U^{(2)}_2) σ^{−1}(S(r^{(2)}_4h_7u^{(2)}_4), r^{(2)}_5h_8u^{(2)}_5) (s) = ∑ σ(h_1, S(r^{(2)}_3h_6u^{(2)}_3r̃^{(2)})_1U^{(1)}_2 ũ^{(2)}) σ(r^{(2)}_1h_4u^{(2)}_1, S(r^{(2)}_2h_5u^{(2)}_2)) [r^{(1)}_1h_2u^{(1)}_1r̃^{(1)}_1S(r^{(2)}_3h_6u^{(2)}_3r̃^{(2)})_2S(U^{(1)}_2)U^{(2)}_1ũ^{(1)}] σ^{−1}(r^{(1)}_2h_3u^{(1)}_2, r̃^{(1)}_2S(r^{(2)}_3h_6u^{(2)}_3r̃^{(2)})_3S(U^{(1)}_1)U^{(2)}_2ũ^{(2)}) σ^{−1}(S(r^{(2)}_4h_7u^{(2)}_4), r^{(2)}_5h_8u^{(2)}_5)

(3^′) = ∑ σ(h_1, S(r^{(2)}_3h_6u^{(2)}_3r̃^{(2)})_1U^{(1)}_2 ũ^{(2)}) σ(r^{(2)}_1h_4u^{(2)}_1, S(r^{(2)}_2h_5u^{(2)}_2)) [r^{(1)}_1h_2u^{(1)}_1r̃^{(1)}_1S(r^{(2)}_3h_6u^{(2)}_3r̃^{(2)})_2S(U^{(1)}_2ũ^{(1)}_2)U^{(1)}_3ũ^{(2)}] σ^{−1}(r^{(1)}_2h_3u^{(1)}_2, r̃^{(1)}_2S(r^{(2)}_3h_6u^{(2)}_3r̃^{(2)})_3S(U^{(1)}_1ũ^{(1)}_1)U^{(2)}) σ^{−1}(S(r^{(2)}_4h_7u^{(2)}_4), r^{(2)}_5h_8u^{(2)}_5)

(s) = ∑ σ(h_1, S(r^{(2)}_3h_6u^{(2)}_3r̃^{(2)})_1U^{(1)}_2 ũ^{(2)}) σ(r^{(2)}_1h_4u^{(2)}_1, S(r^{(2)}_2h_5u^{(2)}_2)) [r^{(1)}_1h_2u^{(1)}_1r̃^{(1)}_1S(r^{(2)}_3h_6u^{(2)}_3r̃^{(2)})_2S(ũ^{(1)}_2)ũ^{(2)}] σ^{−1}(r^{(1)}_2h_3u^{(1)}_2, r̃^{(1)}_2S(r^{(2)}_3h_6u^{(2)}_3r̃^{(2)})_3S(ũ^{(1)}_1)) σ^{−1}(S(r^{(2)}_4h_7u^{(2)}_4), r^{(2)}_5h_8u^{(2)}_5)

(iv) = ∑ σ(h_1, S(R^{(1)}_3r^{(2)}_3h_6u^{(2)}_3r̃^{(2)})_1U^{(1)}_2 ũ^{(2)}) σ(R^{(1)}_1r^{(2)}_1h_4u^{(2)}_1, S(R^{(1)}_2r^{(2)}_2h_5u^{(2)}_2)) [r^{(1)}_1h_2u^{(1)}_1r̃^{(1)}_1S(R^{(1)}_3r^{(2)}_3h_6u^{(2)}_3r̃^{(2)})_2S(ũ^{(1)}_2)ũ^{(2)}] σ^{−1}(r^{(1)}_2h_3u^{(1)}_2, r̃^{(1)}_2S(R^{(1)}_3r^{(2)}_3h_6u^{(2)}_3r̃^{(2)})_3S(ũ^{(1)}_1)) σ^{−1}(S(R^{(1)}_4r^{(2)}_4h_7u^{(2)}_4), R^{(2)}r^{(2)}_5h_8u^{(2)}_5)

(1^′) = ∑ σ(h_1, S(R^{(2)}_3r^{(1)}_5h_6u^{(2)}_3r̃^{(2)})_1U^{(1)}_2 ũ^{(2)}) σ(R^{(2)}_1r^{(1)}_3h_4u^{(2)}_1, S(R^{(2)}_2r^{(1)}_4h_5u^{(2)}_2)) [R^{(1)}_1r^{(1)}_1h_2u^{(1)}_1r̃^{(1)}_1S(R^{(2)}_3r^{(1)}_5h_6u^{(2)}_3r̃^{(2)})_2S(ũ^{(1)}_2)ũ^{(2)}] σ^{−1}(R^{(1)}_2r^{(1)}_2h_3u^{(1)}_2, r̃^{(1)}_2S(R^{(2)}_3r^{(1)}_5h_6u^{(2)}_3r̃^{(2)})_3S(ũ^{(1)}_1)) σ^{−1}(S(R^{(2)}_4r^{(1)}_6h_7u^{(2)}_4), r^{(2)}h_8u^{(2)}_5)

(iv)+(s) = ∑ σ(h_1, S(R^{(2)}_3h_6u^{(2)}_3r̃^{(2)})_1U^{(1)}_2ũ^{(2)}) σ(R^{(2)}_1h_4u^{(2)}_1U^{(1)}_1, S(R^{(2)}_2h_5u^{(2)}_2U^{(1)}_2)) [R^{(1)}_1h_2u^{(1)}_1r̃^{(1)}_1S(R^{(2)}_3h_6u^{(2)}_3U^{(1)}_3r̃^{(2)})_2S(ũ^{(1)}_2)ũ^{(2)}] σ^{−1}(R^{(1)}_2h_3u^{(1)}_2, r̃^{(1)}_2S(R^{(2)}_3h_6u^{(2)}_3r̃^{(2)})_3S(ũ^{(1)}_1)) σ^{−1}(S(R^{(2)}_4h_7u^{(2)}_4U^{(1)}_4), h_8u^{(2)}_5U^{(2)})

(3^′) = ∑ σ(h_1, S(R^{(2)}_3h_6u^{(2)}_3r̃^{(2)}_1 )) σ(R^{(2)}_1h_4u^{(1)}_3U^{(2)}_1, S(R^{(2)}_2h_5u^{(1)}_4U^{(2)}_2)) [R^{(1)}_1h_2u^{(1)}_1U^{(1)}_1r̃^{(1)}_1S(R^{(2)}_3h_6u^{(1)}_5U^{(2)}_3r̃^{(2)})_2S(ũ^{(1)}_2)ũ^{(2)}] σ^{−1}(R^{(1)}_2h_3u^{(1)}_2U^{(1)}_2, r̃^{(1)}_2S(R^{(2)}_3h_6u^{(1)}_5U^{(2)}_3r̃^{(2)})_3S(ũ^{(1)}_1)) σ^{−1}(S(R^{(2)}_4h_7u^{(1)}_6U^{(2)}_4), h_8u^{(2)})

(s)+(iv) = ∑ σ(h_1, S(R^{(2)}_5h_8U^{(2)}_5r̃^{(2)}_3)) σ(R^{(2)}_1h_4U^{(2)}_1, S(R^{(2)}_2h_5U^{(2)}_2))

[R^{(1)}_1h_2U^{(1)}_1R̃^{(1)}r̃^{(1)}_1S(R^{(2)}_4h_7U^{(2)}_4r̃^{(2)}_2)S(ũ^{(1)}_2)ũ^{(2)}] σ^{−1}(R^{(1)}_2h_3U^{(1)}_2, R̃^{(2)}r̃^{(1)}_2S(R^{(2)}_3h_6U^{(2)}_3r̃^{(2)}_1)S(ũ^{(1)}_1)) σ^{−1}(S(R^{(2)}_4h_9U^{(2)}_4), h_{10})

(1^′) = ∑ σ(h_1, S(R^{(2)}_5h_8U^{(2)}_5R̃^{(2)}_3r̃^{(2)}_4 )) σ(R^{(2)}_1h_4U^{(2)}_1, S(R^{(2)}_2h_5U^{(2)}_2)) [R^{(1)}_1h_2U^{(1)}_1r̃^{(1)}S(R^{(2)}_4h_7U^{(2)}_4R̃^{(2)}_2r̃^{(2)}_3)S(ũ^{(1)}_2)ũ^{(2)}] σ^{−1}(R^{(1)}_2h_3U^{(1)}_2, R̃^{(1)}r̃^{(2)}_1S(R^{(2)}_3h_6U^{(2)}_3R̃^{(2)}_1r̃^{(2)}_2) S(ũ^{(1)}_1))σ^{−1}(S(R^{(2)}_4h_9U^{(2)}_4), h_{10})

(iv)+(s) = ∑ σ(h_1, S(R^{(2)}_5h_8U^{(2)}_5r̃^{(2)}_2 ))σ(R^{(2)}_1h_4U^{(2)}_1, S(R^{(2)}_2h_5U^{(2)}_2)) [r^{(1)}R^{(1)}_1h_2U^{(1)}_1u^{(1)}r̃^{(1)}S(R^{(2)}_4h_7U^{(2)}_4r̃^{(2)}_1)S(ũ^{(1)}_2)ũ^{(2)}] σ^{−1}(r^{(2)}R^{(1)}_2h_3U^{(1)}_2u^{(2)}, S(R^{(2)}_3h_6U^{(2)}_3)S(ũ^{(1)}_1))σ^{−1}(S(R^{(2)}_6h_9U^{(2)}_4), h_{10})

(1^′)+(3^′) = ∑ σ(h_1, S(r^{(2)}_5R^{(2)}_6h_8U^{(2)}_6u^{(2)}_5r̃^{(2)}_2 )) σ(r^{(2)}_1R^{(2)}_2h_4U^{(2)}_2u^{(2)}_1, S(r^{(2)}_2R^{(2)}_3h_5U^{(2)}_3u^{(2)}_2)) [R^{(1)}h_2U^{(1)}r̃^{(1)}S(r^{(2)}_4R^{(2)}_5h_7U^{(2)}u^{(2)}r̃^{(2)}_1)S(ũ^{(1)}_2)ũ^{(2)}] σ^{−1}(r^{(1)}R^{(2)}_1h_3U^{(2)}_1u^{(1)}, S(r^{(2)}_3R^{(2)}_4h_6U^{(2)}_4u^{(2)}_3)S(ũ^{(1)}_1)) σ^{−1}(S(r^{(2)}_6R^{(2)}_7h_9U^{(2)}_7u^{(2)}_6), h_{10})

(r)+(iv) = ∑ σ(h_1, S(R^{(2)}_6h_8U^{(2)}_6r̃^{(2)}_2 ))σ(R^{(2)}_2h_4U^{(2)}_2, S(R^{(2)}_3h_5U^{(2)}_3)) [R^{(1)}h_2U^{(1)}r̃^{(1)}S(R^{(2)}_5h_7U^{(2)}_5r̃^{(2)}_1)S(ũ^{(1)}_2)ũ^{(2)}] σ^{−1}(R^{(2)}_1h_3U^{(2)}_1, S(R^{(2)}_4h_6U^{(2)}_4)S(ũ^{(1)}_1)) σ^{−1}(S(R^{(2)}_7h_9U^{(2)}_7), h_{10})

(t)+(u) = ∑ σ(h_1, S(R^{(2)}_2h_4U^{(2)}_2ũ^{(1)}_2r̃^{(2)}_2 )) [R^{(1)}h_2U^{(1)}r̃^{(1)}S(R^{(2)}_1h_3U^{(2)}_1ũ^{(1)}_1r̃^{(2)}_1)S(u^{(1)})u^{(2)}] σ^{−1}(S(R^{(2)}_3h_5U^{(2)}_3ũ^{(2)}), h_6)

(3^′)+(u) = ∑ σ(h_1, S(R^{(2)}_2h_4ũ^{(2)}_2r̃^{(2)}_2 ))[R^{(1)}h_2ũ^{(1)}r̃^{(1)}S(R^{(2)}_1h_3 ũ^{(2)}_1r̃^{(2)}_1)S(u^{(1)})u^{(2)}]σ^{−1}(S(h_5)S(R^{(2)}_3), h_6)

(u)+(1^′) = ∑ σ(h_1, S(h_2)S(R̃^{(2)}))[R^{(1)}R̃^{(1)}_1S(R^{(2)}R̃^{(1)}_2)S(u^{(1)})u^{(2)}] σ^{−1}(S(h_3), h_4)

(u)+([1,T hm1.6]) = ∑ ϵ(h)[R^{(1)}r^{(1)}_1U^{(1)}_1S(u^{(1)}R^{(2)}r^{(1)}_2U^{(1)}_2)u^{(2)}r^{(2)}U^{(2)}]

σ^{−1}(S(h_3), h_4)

(1^′)+(2^′) = ∑ ϵ(h) Similarly, we can prove that (S^{σ−R} ⋆ I)(h) = ϵ(h). □ Corollary 1.6 ([1, Theorem 1.6]). Let A be σ−Hopf algebra. Then A^σ is a Hopf algebra.

Proof: Take R = 1 ⊗ 1 in Theorem 1.5. Then A is σ − R compatible Hopf algebra. This completes the proof. □ Corollary 1.7. Let H be R−Hopf algebra. Then A^R is a Hopf algebra. Proof: Take σ be trivial in Theorem 1.5. Then H is σ − R compatible Hopf algebra. This completes the proof. □

2. Braided structure over H^{σ−R}

The main purpose of this section is to generalize [1, Theorem 1.6(c)]. Theorem 2.1. Let H be an σ−R−compatible Hopf algebra, and (H, τ) a braided Hopf algebra. Then H^{σ−R} is a braided Hopf algebra with braided structure as follows: For all h, l ∈ H

σ̃(h, l) = ∑ σ(R^{(1)}(r^{(1)}_1h_1u^{(1)}_1 )U^{(1)}, R̃^{(1)}(r̃^{(1)}_1l_1ũ^{(1)}_1)Ũ^{(1)})

τ(R̃^{(2)}(r^{(1)}_2l_2ũ^{(1)}_2)Ũ^{(2)}, R^{(2)}(r^{(1)}_2h_2u^{(1)}_2)U^{(2)}) σ^{−1}(r̃^{(2)}l_3ũ^{(2)}, r^{(2)}h_3u^{(2)}) Proof: Firstly, the above braided structure of σ̃(h, l) will be simplified as following:

σ̃(h, l)^{(i)}= ∑ σ((r^{(1)}_1h_1u^{(1)}_1 )U^{(1)}, (r̃^{(1)}_1l_1ũ^{(1)}_1)Ũ^{(1)})

τ((r̃^{(1)}_2l_2ũ^{(1)}_2)Ũ^{(2)}, (r^{(1)}_2h_2u^{(1)}_2)U^{(2)})σ^{−1}(r̃^{(2)}l_3ũ^{(2)}, r^{(2)}h_3u^{(2)}) (d) = ∑ σ(r^{(1)}_1h_1u^{(1)}_1 , r̃^{(1)}_1l_1ũ^{(1)}_1)τ(r̃^{(1)}_2l_2ũ^{(1)}_2, r^{(1)}_2h_2u^{(1)}_2)

σ^{−1}(r̃^{(2)}l_3ũ^{(2)}, r^{(2)}h_3u^{(2)})

(iv) = ∑ σ(h_1u^{(1)}_1 , l_1ũ^{(1)}_1)τ(l_2ũ^{(1)}_2, h_2u^{(1)}_2)σ^{−1}(l_3ũ^{(2)}, h_3u^{(2)}) (s) = ∑ σ(h_1, l_1)τ(l_2, h_2)σ^{−1}(l_3, h_3) Secondly, σ̃ satisfies conditions in [1, Definition 1.1] by straightforward computations. □

Remark. This theorem shows that R does not affect the braided structure σ̃. Corollary 2.2. Let H be a R−Hopf algebra, and (H, τ) a braided Hopf algebra. Then (H^{σ(τ )}, σ̃) is a braided Hopf algebra with braiding: σ̃(x, y) = ∑ σ(x_1, y_1)τ(y_2, x_2)σ^{−1}(y_3, x_3)

Proof: Let R be trivial in Theorem 2.1. This completes the proof. □ Corollary 2.3 ([1, Theorem 1.6(c)]). Let H be a commutative σ−Hopf algebra. Then (H^σ, σ̃) is a braided Hopf algebra with braiding: σ̃(x, y) = ∑ σ(y_1, x_1)σ^{−1}(x_2, y_2)

Proof: Let τ be trivial in Theorem 2.2. This completes the proof. □ Dually, we have the following result:

Theorem 2.4. Let H be an σ − R−compatible Hopf algebra, and (H, F ) a quasitriangular Hopf algebra. Then H^{σ−R} is a quasitriangular Hopf algebra with the following quasitriangular structure: R̃ = ∑ U^{(2)}F^{(1)}R^{(1)} ⊗ U^{(1)}F^{(2)}R^{(2)}.

3. Classification of H^{σ−R} and examples

Let u ∈ Hom_k(k, H) be convolution invertible with ϵu = ϵ, and suppose that H is not only a R−Hopf algebra but also a F −Hopf algebra satisfying: (1) ∑ F^{(1)} ⊗ F^{(2)} = ∑ (u^{−1} ⊗ u^{−1})(R^{(1)} ⊗ R^{(2)})Δu.

This equivalent to ∑ G^{(1)} ⊗ G^{(2)} = ∑ Δu^{−1}(U^{(1)} ⊗ U^{(2)})(u ⊗ u) where G is the inverse of F (G = ∑ G^{(1)} ⊗ G^{(2)}). Now we have Theorem 3.1. Let H^{σ−R} and H^{σ−F} be two Hopf algebras satisfying condition (1). Then H^{σ−R} ∼= H^{σ−F} (as coalgebra).

Proof: Define ψ : H^{σ−R} −→ H^{σ−F} by h → u^{−1}hu and φ : H^{σ−F} −→ H^{σ−R} by l → ulu^{−1}. We can prove the claim by direct computations. □ Dually, Let u ∈ H^∗ with a convolution inverse u^{−1} and u(1) = 1, and suppose that H is not only an σ−Hopf algebra but also a τ−Hopf algebra satisfying: (2) τ(h, l) = ∑ u^{−1}(l_1) ⊗ u^{−1}(h_1)σ(h_2, l_2)u(h_3, l_3).

Then we have the following theorem.

Theorem 3.2. Let H^{σ−R} and H^{τ −R} be two Hopf algebras satisfying condition (1). Then H^{σ−R} ∼= H^{τ −R} (as algebra).

Proof: Define the maps ψ : H^{σ−R} −→ H^{τ −R} by h → u(h_1)h_2 and φ : H^{τ −R} −→ H^{σ−R} by l → u^{−1}(l_1)l_2. We can prove the claim by direct computations. □ Example 1. Let H_4 be the Sweedler’s 4-dimensional Hopf algebra ([6]). Define σ : H_4 ⊗ H_4 −→ k as follows: 1 x y z 1 1 1 0 0 x 1 −1 0 0 y 0 0 0 0 z 0 0 0 0 and let R =^1_2 (1 ⊗ 1 + 1 ⊗ x + x ⊗ 1 − x ⊗ x) ∈ H ⊗ H. It is easy to prove that H_4 is a σ − R compatible Hopf algebra.

Example 2. Let B ▷◁_τ H be the Doi-Takeuchi’s Hopf algebra, and B ⊗_R H a Hopf algebra. Let R = R^{(1)} ⊗ R^{(2)} ∈ B ⊗ H satisfy τ(R^{(1)}cr^{(1)}, h)R^{(2)} ⊗ r^{(2)} = τ(c, h)1 ⊗ 1 = τ(c, R^{(2)}hr^{(2)})R^{(1)} ⊗ r^{(1)}. Then B ⊗ H is a [τ] − Q compatible Hopf algebra, where [τ](b ⊗ g, c ⊗ h) = ϵ(b)ϵ(h)τ(c, g) for all b, c ∈ B, g, h ∈ H and Q = ∑ 1 ⊗ R^{(2)} ⊗ R^{(1)} ⊗ 1.

References

[1] Doi Y., Braided bialgebras and quadratic bialgebras, Comm. Algebra 21 (5) (1993), 1731– 1749.

[2] Doi Y., Takeuchi M., Multiplication alteration by two-cocycles-The quantum version, Comm. Algebra 22 (14) (1994), 5715–5732.

[3] Sweelder M.E., Hopf Algebras, W.A. Benjamin, New York, 1969.

[4] Majid S., Quasitriangular Hopf Algebras and Yang-Baxter equations, Int. J. Modern Phys.

A 5 (1990), 1–91.

[5] Montgomery S., Hopf Algebras and Their Actions on Rings, CBMS 82, Amer. Math. Soc., 1993.

[6] Radford D.E., On the Quasitriangular structure of a semisimple Hopf Algebras, J. Algebra 141 (2) (1991), 354–358.

[7] I-Peng Lin B., Crossed coproducts of Hopf algebras, Comm. Algebra 10 (1) (1982), 1–17. [8] Reshetikhin N.Y., Multiparameter quantum groups and twisted quasi-triangular Hopf algebras, Lett. Math. Phys. 20 (1990), 331–335.

Department of Mathematics, Henan Normal University, Xinxiang, Henan 453002, P.R. China

Department of Mathematics, Qufu Normal University, Qufu, Shandong 273165, P.R. China

(Received June 10, 1998)